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ABSTRACT
Phonons are the primary carriers of heat in dielectric solids. In the limit of
long wavelength, phonons are essentially sound waves in the solid. The inter-
action of phonons with crystal surfaces is of fundamental interest in thermal
transport as well as in acoustics. This thesis focuses on understanding how
surface roughness influences phonon transport through thermal and acoustic
transport measurements in nanostructures with well-characterized surface
morphologies. Results from the experiments are interpreted through wave
scattering theory. This work investigates Si nanowires and nanomembranes
with characteristic sizes smaller than 200 nm. Using a MEMS-based mea-
surement platform, we observe the low-temperature dependence of thermal
conductivity in silicon nanowires fabricated using a two-step, metal-assisted
chemical etch. Using experimentally characterized surface roughness, we
show that a multiple scattering theory is able to explain the observed low-
temperature trends in thermal conductivity without employing any fitting
parameters. A surface finish with a 5-10 nm roughness correlation length is
typical in metal-assisted chemical etching. Such surfaces resonantly scatter
dominant phonons in silicon, leading to the observed T 1.6−2.4 behavior and
drive the thermal conductivity below the Casimir limit. The second part of
this thesis measures the dissipation lifetimes of acoustic waves in suspended
Si membranes and nanowires. We employ a femtosecond laser pump-probe
setup to excite and measure the lifetime of sub-THz longitudinal acoustic
modes in suspended Si membranes with thickness down to 36 nm (∼118
GHz). We show that the lifetime of acoustic phonons is Akhieser-limited for
thick membranes while surface scattering is the dominant scattering mech-
anism for thin membranes. Perturbation-based spectral scattering theory
does not seem to reproduce the observed trend in phonon lifetime even in the
limit of small correlation lengths. A surface specularity parameter based on
Kirchhoff’s approximation correctly predicts the observed frequency trend
ii
but underestimates the lifetimes by a constant multiplicative factor. This
work paves the way toward designing higher quality thin films acoustic res-
onators which are indispensable to the telecommunication and cell phone
industries.
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CHAPTER 1
INTRODUCTION
There is no doubt that current technology relies heavily on a relentless drive
towards device miniaturization and material novelty. A sophisticated un-
derstanding of thermal transport has thus become essential to improvement
across the numerous engineering disciplines. Owing to the ubiquitous na-
ture of phonons as primary heat carriers in crystalline solids, the ability to
control and manipulate heat has profound consequences even in areas where
thermal performance is not a key metric. Our understanding of phonons is
still however far from complete. In particular, the role of surface scattering
on phonon transport is still poorly understood.
For instance, measurements of thermal conductivity of rough Si nanowires,
a promising candidate material for thermoelectrics, showed a reduced thermal
conductivity at room temperature that is smaller than the Casimir limit [1].
Such measurements and other measurements on nanomeshes [2] challenge
the validity of using phonon particle transport theories to treat boundary
scattering. This is especially true in nanostructured materials with char-
acteristic sizes that are smaller than the phonon mean free path. Recent
first-principles calculations [3] of heat transport in Si showed a phonon mean
free path that spans four orders of magnitudes. Most of the contribution to
thermal conductivity at room temperature stems from phonons with mean
free paths exceeding 100 nm. Mean free path spectroscopy measurements [4]
seem to confirm these results.
This dissertation focuses on understanding how surface roughness influ-
ences phonon transport through experiment. We seek measurements that
may elucidate the wave character of phonons through spectral surface scat-
tering. Since surface effects become prominent at length scales comparable
to the wavelength of phonons, we limit our investigation to Si nanowires
1
and nanomembranes with characteristic sizes smaller than 200 nm. Beyond
thermal transport, we investigate phonon scattering in the acoustic limit. We
report the lifetimes of confined acoustic phonons in nanowires and nanomem-
branes. Understanding the effect of surface scattering on the quality of acous-
tic resonators may help improve the performance of billions of acoustic wave
filters in mobile cell phones and base stations.
This dissertation is organized into four chapters. In this chapter, we at-
tempt a quick review of concepts in phonon transport theory that are es-
sential for the understanding of the experimental measurements and results
presented in later chapters. We then extend the discussion to a concise treat-
ment of approximate methods in evaluating the specularity of wave scatter-
ing from randomly rough surfaces. We also discuss the intrinsic attenuation
mechanisms of sound waves in dielectric crystals. The interested reader may
refer to excellent references [5, 6, 7, 8, 9] for a more rigorous treatment of the
concepts introduced herein. In chapter 2, we use a microfabricated MEMS-
based measurement platform to measure the thermal conductivity rough Si
nanowires. We compare the observed low-temperature trends in phonon life-
times to a multiple-scattering wave theory. We extend our study of boundary
scattering to single frequency modes in chapter 3 by measuring the lifetimes
of confined acoustic modes in suspended Si nanowires and nanomembranes.
In Chapter 4, we use the method of moments of electromagnetics to show
the possibility of total absorption of light in structured surfaces and draw an
analogy to the case of phonons.
1.1 Review of Phonon Transport Theory
1.1.1 Fundamentals
A crystalline solid consists of a periodic array of atoms each occupying a site
R on a Bravais lattice. R is the equilibrium position of each atom and rep-
resents its average position over time. At any given time, an atom deviates
from it equilibrium position and we may write its instantaneous position as
r (R) = R+ u (R) where u (R) is the atomic displacement. In semiconduc-
tors and metals, it is common to refer to these atoms as ions since the valence
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electrons are no longer necessarily concentrated in the vicinity of the atoms
but span the lattice. We shall use ”atomic” and ”ionic” interchangeably in
the remainder of this dissertation. Interatomic forces, governed by inter-
atomic potentials, hold the crystal together and give it its cohesive energy.
Real interatomic potentials are anharmonic in nature so that the potential
energy is not quadratic with respect to the displacements. It is this anhar-
monic character of the potential energy that is responsible for the finite heat
conduction in ideal crystals. However, given that u (R) is small, one often
resorts to approximating the interatomic potential as being harmonic while
treating higher order terms as small perturbations to the dominant harmonic
term. This assumption makes any further analysis of thermal transport more
tractable. Within the harmonic approximation, it is possible to build a dy-
namical matrix of the atomic displacements. Its eigenmodes constitute the
normal modes of atomic vibrations of the crystal. These normal modes are
linearly polarized plane waves with wavevector k, frequency νs (angular fre-
quency ωs) and polarization s. The waves propagate at the phase velocity
cs = ωs/k and group velocity υs = ∂ωs/∂k. Their frequency dispersion curves
obey the symmetries of the crystal. Figure 1.1 shows the dispersion curves
of bulk Si as measured from neutron scattering experiments and computed
using the pseudopotential method.
The lower three branches along the Γ − K direction represent the three
acoustic branches (Two transverse polarization modes and one longitudi-
nal) of the dispersion curves. Their dispersion relation approaches the form
ωs = csk at small k that is characteristic of acoustic waves. The upper
branches represent optical branches. Modes in these branches interact with
electromagnetic radiation in ionic crystals. Unlike electromagnetic waves,
the frequency spectrum of phonons is capped by a maximum value usually
belonging in an optical branch. Since atoms occupy discrete positions on a
Bravais lattice and their number is finite in a crystal, the allowed wavevec-
tors form a discrete sequence. The dispersion curves of Si show that each
frequency level may support different normal modes having different wavevec-
tors. The number of modes per unit volume and per unit frequency interval
represents the density of states D (ω). The differential density of states
D (ω, θ, φ) is the number of modes per unit volume, per unit frequency inter-
val and per unit solid angle around direction (θ, φ) in a spherical coordinate
3
system. These concepts will be useful in later sections of this review.
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Figure 1.1: Phonon dispersion curves of bulk silicon along high symmetry
directions. Solid lines represent first principle calculation results (After Wei
et al. [10]). Circles and lozenges represent experimental results from [11]
and from [12] respectively.
It is noteworthy to mention here that the theory of elasticity can be de-
rived from the theory of lattice vibrations if one focuses on modes whose
displacement field varies only slowly over the range of the interatomic forces.
Aschcroft and Mermin [5] provide such a derivation. As such, it is not un-
common to treat a sound wave as a beam of low energy phonons as in the
Landau-Rumer theory of sound attenuation (See Section 1.3). A first order
correction to the harmonic dispersion curves comes from the anharmonicity
of the interatomic potential. This leads to a dependence of the dispersion
curves on the total volume of the crystal (or strain ηij). The Gruneisen ten-
sor γij = (−1/ωs (k)) (∂ωs (k)/∂ηij) reflects such a dependence and will be
used in section 1.3.
Classically, the energy of each normal mode is proportional to the square of
the wave amplitude. This approach is inadequate as it fails to reproduce the
low temperature dependence of the specific heat of the lattice. A quantum
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theory of the harmonic crystal is therefore necessary to explain physical phe-
nomena governed by lattice vibrations. Such a theory assigns to each normal
mode of the lattice a quantized set of energies that are the allowed energies of
a quantum harmonic oscillator with the same frequency as the normal mode.
Namely, the allowed energy levels of a normal mode of wavevector k and
polarization s are En (ω) = (nk,s + 1/2) ~ωs (k) , nk,s = 0, 1, 2, ... where ~
is the reduced Planck constant. nk,s is the excitation number of the normal
mode. Borrowing from the quantum theory of the electromagnetic field and
in analogy to photons, we can also refer to nk,s as the number of phonons
of type s with wavevector k. Phonons are thus quasi-particles that are the
quanta of the atomic displacement field and nk,s follows the Bose-Einstein
statistics. The energy of each phonon is ~ωs. These phonons behave as both
waves and particles and must obey the uncertainty principle. ~k represents
the crystal momentum associated with each phonon and not its momentum.
While the rate of change of a phonon’s momentum is given by the total force
acting on it, the rate of change of its crystal momentum is a direct conse-
quence of force fields external to the crystal.
The total energy of phonons per unit volume U (T ) is the sum of contri-
butions from individual phonons as shown in Eq.1.1.
U (T ) =
∫
ω
D (ω) f (T, ω)E (ω) dω. (1.1)
f (T, ω) = 1/[exp (~ω/kBT )− 1] is the Bose-Einstein distribution function
and represents the probability of energy level E (ω) being occupied at tem-
perature T . The density of statesD (ω) is a complicated function of frequency
for real crystals. The Debye approximation provides a simplification to this
dependence. In the Debye model, D (ω) is a quadratic function of frequency
and the frequency range is cut-off at the Debye frequency ωD. This implies
that all phonon branches have the same speed in all directions; the medium
is isotropic. Conditions on the validity of the Debye model exist [6]. The
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specific heat is then
C (T ) =
∫ ωD
0
D (ω)
∂f (T, ω)
∂T
E (ω) dω
= 9nkB
(
T
θD
)3 ∫ θD/T
0
x4ex
(ex − 1)2dx.
(1.2)
n is the number of atoms per unit volume, kB is Boltzmann’s constant and
θD = ~ωD/kB is the Debye temperature. The specific heat has a T 3 depen-
dence at low temperatures and reaches the Dulong and Petit classical limit
at high temperatures.
1.1.2 Phonon Transport Theory
A single normal mode with a definite wavevector k involves the motion of
ions throughout the entire crystal. However, a superposition of normal modes
with wavevectors ranging over a small neighborhood ∆k around k creates
a localized wave packet which travels the crystal at the group velocity as-
sociated with k. It is advantageous to adopt the wave packet approach to
energy transfer in solids since it allows us to switch our discussion of thermal
transport to a particle picture of phonons for which the Boltzmann trans-
port equation is a powerful tool. The only sacrifice is in the the precision
∆k with which we may define the phonon wavevector k. Thus, energy trans-
port in a solid will occur through wave packets of ionic vibrational energy
or phonons. Similarly to particles in a gas, these phonons undergo both
elastic and inelastic collisions which we refer to as scattering processes. A
phonon undergoing an elastic scattering process conserves its frequency (en-
ergy) while its polarization and wavevector (crystal momentum) might be
altered. Elastic processes mainly involve scattering from crystal imperfec-
tions, impurities, isotopes and boundaries. On the other hand, the inelastic
processes involve the creation and annihilation of phonons of different fre-
quencies. These often involve phonon-phonon scattering through the anhar-
monicity of the interatomic potential. When only three phonons are involved,
we may distinguish between normal three phonon processes for which the to-
tal crystal momentum is conserved and Umklapp processes for which it is
not. The latter is responsible for the finite thermal conductance in a defect-
free crystal.
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An isolated system of phonons undergoing scattering processes will reach
an equilibrium state at the equilibrium temperature. At equilibrium, the en-
ergy distribution of phonons is independent of space coordinates and equal
to the Bose-Einstein distribution which we label here as f0 (ω, T ). However,
when disturbed from equilibrium (i.e. by external forces F), the system is
in a non-equilibrium state. In the latter, the Boltzmann transport equa-
tion (BTE) governs the time evolution of the non-equilibrium distribution
function f (r,k, t) of phonons as follows:
∂f
∂t
= −υ.∇rf − F~ .∇kf +
(
∂f
∂t
)
c
. (1.3)
The BTE is a simplification of Liouville’s equation of statistical mechanics
obtained through introducing the one-particle distribution function [13]. In
the equation above, the last term on the right represents the scattering term
and often involves the evaluation of complicated scattering integrals through
the use of time-dependent perturbation theory of quantum mechanics. The
relaxation time approximation Eq.1.4 provides a simplification. τ represents
the relaxation time of the scattering process. We also refer to it as the
phonon lifetime. It is a measure of how long it takes for a non-equilibrium
system to relax back to an equilibrium distribution. Despite its validity being
limited to elastic processes, the relaxation time approximation is widely used
with correct end results for most situations. In adopting the relaxation time
approximation, we have moved all the complicated scattering integral terms
into 1/τ . (
∂f
∂t
)
c
=
f − f0
τ
(1.4)
In the particle picture, the average distance a phonon travels between scat-
tering events is the mean free path `. The mean time between successive
collisions is thus τf = `/υ. We often set τ = τf although the validity of
such an approximation depends on the detailed statistics [14] of the collision
process or the specific definition of the mean free path.
At steady state and performing a first order expansion in f , the BTE leads
to Fourier’s law of heat conduction
J = −k∇T. (1.5)
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In the Debye approximation and assuming an isotropic crystal, the thermal
conductivity k becomes
k =
1
3
∫
τυ2Cωdω (1.6)
where Cω = ~ωD (ω) df0/dT is the specific heat per unit frequency. In
Eq.1.6, τ−1 is the total relaxation rate and encompasses contributions from
different scattering processes according to the Mathiessen rule,
1
τ
=
∑
j
1
τj
(1.7)
where τj is the relaxation time of an individual scattering mechanism j. The
evaluation of the scattering integral for phonons is tedious but approximate
expressions do exist for the relaxation rate as in the commonly used expres-
sion for Umklapp scattering due to Klemens [15]
τu
−1 = Ae−θD/aTT 3ω2 (1.8)
where A and a are constants determined through fitting the experimental
data of thermal conductivity. Phonon-phonon scattering rates are highly fre-
quency dependent. A quick comparison between the dispersion curves 1.1,
and equations 1.2 and 1.6 for the specific heat and thermal conductivity shows
that while the optical phonons contribute to specific heat, they contribute
little to heat flux, due to their small group velocity and high scattering rates.
In general, the frequency dependence of the relaxation rate determines the
power scaling of k with temperature as we will discuss in the next chap-
ter. Other relevant scattering mechanisms for bulk crystals include phonon-
impurity and phonon-boundary scattering for which simplified expressions
for the relaxation rates exist [16]. Figure 1.2 shows the experimental thermal
conductivity of bulk Si from [17, 18] and the corresponding fits using a model
for relaxation rates detailed in [16]. At low temperatures, phonon-boundary
scattering dominates heat conduction and k is proportional to the specific
heat and thus has a T 3 dependence. Phonon-phonon scattering dominates
in the high temperature limit where k scales as T−n n = 1− 1.5. The peak
of thermnal conductivity usually reflects the onset of Umklapp and normal
phonon-phonon scattering as the dominant scattering mechanisms.
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Figure 1.2: Thermal Conductivity of bulk silicon as a function of
temperature. Experimental data from [17, 18]. Solid lines represent fits
using the model detailed in Holland’s work [16]. kTN and kTU represent the
low frequency and high frequency contributions of transverse phonons
respectively. kLN represents the contribution of longitudinal phonons.
When the phonons are treated as waves, the heat flux between points i
and j in space is the sum of contributions from individual phonon modes [19]
as
qi→j =
∑
p
1
V1
∑
kx1
∑
ky1
∑
kz1
υp,1 (k, ω) f (T, ω)E (k, ω)Tij (k, ω)
=
∑
p
∫
Ω≥2pi
∫
ω
υp,1 cos θD (ω, θ, φ)
∂f (T, ω)
∂T
E (ω)Tij (ω, θ, φ) ~dωdΩ
× (Ti − Tj)
(1.9)
where p represents the polarization of the phonon, Ω is the solid angle, and
Tij is the wave transmission coefficient. This expression belongs to the Lan-
dauer formalism which views transport as a transmission process. At low
temperatures where boundary scattering dominates, this approach is useful
9
in assessing the quantum thermal conductance of individual phonon modes
[20]. Equation 1.9 is also heavily used as a starting point in treating the
transport of phonons across interfaces in the context of evaluating interface
thermal resistances [9].
1.1.3 Surface and Size Effects
As we have seen in the previous section, two different approaches to treating
thermal transport differ by whether phonons are viewed as a waves or as
a particles. The validity of treating a phonon as a wave relies on whether
its phase is conserved or not; its coherence. The topic of phonon coherence
in thermal transport is still undergoing experimental scrutiny but nonethe-
less, a few guidelines exist. One measure of phonon coherence is the thermal
coherence length. In analogy to black body emission, we can estimate the
energy spread of each phonon by taking into account the bandwidth of the
source; the thermal bath. The effective bandwidth of thermal emission is
∆ν = kBT/h. The coherence length is then `c ≈ υ/∆ν ≈ υh/kBT . For
silicon, `c is of the order of 1 nm at 300 K and 31 nm at 10 K. While `c is
useful in evaluating the thermal spreading of a phonon wavepacket, it finds
little use when assessing the wave character of single wavelength phonons.
A more useful quantity to evaluate is the the phase-breaking length `p
which is the average distance a phonon travels before its phase is completely
destroyed. When inelastic scattering is the dominant scattering mechanism,
we can approximate the phase-breaking length by the inelastic mean free
path `p ≈ υτin. Thus, if the characteristic size of thermal transport is L, the
wave regime corresponds to L < O (`p) and the particle regime is suitable
when L > O (`p) with a transition regime (L ≈ O (`p)) in between. However,
this distinction is not always easy to implement. For instance, care should be
taken when using the phase-breaking length as an indicator for the validity
of the wave picture in superlattices [21]. We can draw a similar categoriza-
tion in the particle regime by comparing L to the mean free path ` so that
we distinguish between ballistic (L < O (`)), quasi-diffusive (L ≈ O (`)) and
diffusive (L > O (`)) transport. A specialized BTE exists for each regime
[9]. Recently there has been a renewed interest in determining the mean free
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path of phonons and their contribution to thermal conductivity in bulk and
thin films. Recent calculations of heat transport in Si from first principles [3]
show a mean free path of phonons that spans four orders of magnitude from
1 to 10000 nm at room temperature. The thermal conductivity accumula-
tion function derived from first principles calculations shows that long mean
free path phonons contribute significantly to thermal conductivity. Recent
phonon mean free path spectroscopy [22] and ballistic transport measure-
ments [23] seem to confirm this observation.
Since phonon-phonon scattering is dominant at room temperature, we can
expect that the particle picture is more suitable and it is not surprising that
BTE models work well to explain the measured thermal conductivity of thin
films [24] and superlattices [25]. Typical investigations into surface effects
involve the solution of the BTE with the surface imposed as a boundary
condition. These define a specularity parameter p for the surface. p rep-
resents the fraction of phonons specularly reflected from the surface. An
analogous definition for waves treats p as the fraction of the incident wave
intensity that is specularly and coherently reflected from the surface. The
wave picture finds more use at lower temperatures where the mean free path
of phonons is long and the Landauer formalism becomes valid. In the next
section we look at different wave models used to evaluate the scattering of
eaves form randomly rough surfaces. These will help develop a compari-
son point for thermal measurements on nanowires in chapter 3 and acoustic
damping measurements in nanowires and nanomembranes in chapter 4.
1.2 Wave Scattering from Random Rough Surfaces
The first step in treating the problem of wave scattering from rough surfaces
is to determine the statistics governing the roughness profile. Let h(r) be the
height profile of the surface S, then the mean surface height is h0, the RMS
surface height is σ , the autocorrelation function is C (R), and the power
spectral density function is P (k). Equation 1.10 summarizes the relationship
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between the different quantities.
h0 = 〈h(r)〉S = (1/S)
∫
S
h(r)dr
σ =
√
〈h(r)h(r)〉S
C (R) =
〈h(r)h(r+R)〉
σ2
P˜ (k) =
σ2
(2pi)2
∞∫
−∞
C (R) eik.RdR =
σ2
(2pi)2
C˜ (k)
(1.10)
A Gaussian (exponential) surface has an autocorrelation function C (R) that
is Gaussian (exponential) in R as shown in equation 1.11. Lc is the surface
correlation length and represents the average distance beyond which the sur-
face heights become uncorrelated.
Cgauss (R) = exp
(
− R
2
Lc
2
)
Cexp (R) = exp
(
−|R|
Lc
) (1.11)
A wave scattering theory of random rough surfaces seeks to express the scat-
tered field of a wave incident on a surface with wavevector k as a function of
σ and the correlation length Lc. Once the scattered field is known, expres-
sions for the specularity p, the fraction of incident power radiated specularly
can be obtained.
If the surface is slightly rough, that is k |h| << 1 and |∇h| << 1 , a
perturbation theory may be used. This typically involves projecting the
rough surface boundary conditions onto the smooth mean plane of the rough
surface and solving the wave equation for the new boundary problem [7]. The
scattered field is then expanded into a series of terms involving the Green’s
function of the medium where only a few terms are retained. This reflects
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the order of the perturbation approach and determines the accuracy of the
method. Recently, Maznev [26] used a first order perturbation theory to
determine the specularity of a longitudinal acoustic wave at normal incidence
to a rough surface as
p = 1− σ
2kl
3ρcl
2
pi2
∫
C˜ (k) Im
(
G˜33 (k, ω)
)
dk. (1.12)
In the expression above, ρ is the density of the medium and G˜33 (k, ω) is
the Fourier transform of the surface Green’s function. In the limit of large
correlation lengths, the specularity becomes p = 1− 4σ2kl2.
Although, perturbation methods are common for treating wave scattering for
surfaces with small roughness σ, these quickly become inaccurate for rougher
surfaces. For the latter, Kirchhoff theory, which removes the limitation on
the value of σ in its assumptions, finds the most use in wave scattering stud-
ies. Kirchoff’s theory approximates the wave field on the scattering surface
by a field reflected from an infinite plane parallel to the local surface tangent.
This approximation is exact for an infinite smooth plane surface but becomes
less exact when the surface includes large scattering centers that are spaced
apart by short distances. Such geometrical arguments suggest a limitation
on the radius of curvature rc of the surface. The inequality krc cos θinc << 1,
where θinc is the angle of incidence is often used in determining the range
of validity of Kirchhoff theory. Comparison with more accurate theories
and experiments [7] show that in general, Kirchhoff theory underestimates
the magnitude of the reflected coherent field intensity for surfaces of small
correlation lengths even at normal incidence. This may be due to multiple
scattering not being accounted for. The theory works well when the corre-
lation length of the surface is larger or comparable to the wavelength of the
incident wave. If this not satisfied, Kirchoff’s approach fails even when kσ
is small. For a longitudinal acoustic wave at normal incidence to Gaussian
surfaces, Kirchhoff theory predicts a specularity parameter [27]
p = exp
(−4σ2kl2) . (1.13)
As expected, Equation 1.13 approaches the result of 1st order perturbation
theory in the limit of long correlation length and small roughness. Ziman [28]
derives a similar result in the context of solving the BTE for rough surfaces.
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So far we have discussed the interaction of a wave field with a single rough
surface. When two surfaces are present as in thin films or a closed surface
is involved as in a cylinder, multiple scattering occurs from interaction with
the rough surface. Recently, Santamore and Cross [29] used a first order
perturbation theory to calculate transmission coefficient of elastic waves in
2D rough waveguides. They successfully used their results to fit Schwab’s
experimental data [20]. A more recent work by Sadhu and Sinha [30] adopted
a second order approach (Bourret approximation) to determine the transmis-
sion coefficient of elastic waves in rough nanowires. They show that for suffi-
ciently short correlation lengths, the transmission coefficients become smaller
than the Casimir limit which treats the rough surface as completely diffuse.
This points to the importance of multiple scattering events in reducing wave
transmission in rough waveguides.
1.3 Attenuation of Sound Waves in Dielectric Crystals
When considering acoustic damping in crystals, we must distinguish between
intrinsic and extrinsic damping processes. Intrinsic processes involve the in-
teraction of the sound wave exclusively with the thermal phonons of the
crystal while extrinsic processes account for damping from rough surfaces
and crystal defects. Treatment of the latter may benefit from concepts intro-
duced in the previous section. The classical approach to evaluating acoustic
damping (attenuation) involves the phenomenological macroscopic theories
of elasticity and heat conduction [31]. The acoustic damping in classical the-
ories is better known as thermoelastic damping and the equations describing
the propagation of a damped acoustic wave are
σij = Cijklηkl − CijklαklT + βijkl∂ηkl/∂t
∂σij/∂xj = ρ∂
2ui
/
∂t2
C∂T/∂t = −∇. (k∇T )− TCijklαkl∂ηkl/∂t.
(1.14)
The first equation is the normal stress strain relation with an added damping
tern that is linear in the strain rate [8]. Here, σij and ηkl are stress and strain
tensor components respectively. Cijkl is the second order isothermal elastic
constant tensor and βijkl is the viscosity tensor. The second equation is the
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equation of motion of elasticity and the third is the heat diffusion equation
with an added source term that is linear in the strain rate. A solution of
the equations above for the damping rate shows that two main energy dis-
sipation mechanisms occur. The first mechanism involves the viscosity term
where the acoustic wave loses energy through viscous damping leading to an
increase in temperature in the medium which subsequently diffuses away in
the solid. The second term arises from heat conduction. As the acoustic
wave travels in the solid, its strain field creates local temperature gradients
along its path. Acoustic energy then dissipates through the irreversible flow
of heat driven by these temperature gradients. For a pure longitudinal waves,
the heat conduction term is usually a few percent of the total attenuation
[32] and may therefore be neglected. Knowledge of the viscosity tensor is
usually required to evaluate the damping rate.
Alternatively, microscopic theories of acoustic damping [33] involve a de-
tailed consideration of thermal phonons to evaluate the damping rates. We
discuss two main theories here. The Landau-Rumer theory [34] treats the
acoustic wave as a beam of long wavelength - low frequency acoustic phonons.
In this approach, the acoustic wave is an excitation that drives the phonon
population nk,s out of thermal equilibrium. The rate of acoustic energy
dissipation is then determined by the rate at which these non-equilibrium
phonons scatter out into other phonon modes through the anharmonicity
of the interatomic potential. Here, a quantum mechanical time-dependent
perturbation theory provides a means to evaluate the scattering rates of the
non-equilibrium phonons. The Landau-Rumer theory is valid when Ωτ >> 1
where Ω is the angular frequency of the acoustic wave and τ is the average
thermal phonon lifetime. The previous condition implies that the Landau-
Rumer theory works well at low temperatures where τ is large and at high
acoustic frequencies.
The second microscopic theory, the Akhieser theory [35], considers the in-
teraction of the acoustic wave with the surrounding thermal phonons which
are localized wave packets of length much smaller than the acoustic wave-
length. The inequality Ω << kBT/~ captures the validity of such a picture.
In this theory, the acoustic wave changes the local strain along its path.
This strain sets the local phonon population out of equilibrium and then
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dissipation occurs when the non-equilibrium population decays back to its
equilibrium form through interaction with bath. The main difference with the
Landau-Rumer theory is that this decay is evaluated through a BTE for the
phonon population nk,s. Maris [33] showed that the microscopic theories are
in agreement when Ω << kBT/~ and Ωτ >> 1. The Akhieser theory should
be used when Ω << kBT/~ and Ωτ >> 1 is not satisfied since it takes into
account the interaction among thermal phonons while this is missing from
the Landau-Rumer approach. It is also possible to derive the thermoelastic
damping equations from the akhieser theory. This enables to determine an
expression for the viscosity tensor in terms of the Gruneisen parameters and
phonon lifetimes. When the elastic scattering processes dominate thermal
phonon scattering, Akhieser theory predicts an acoustic attenuation length
[33]
α =
CTΩ
2ρυac3
Ωτ
1 + (Ωτ)2
[〈
γ2
〉− 〈γ〉2] . (1.15)
C is the volumetric heat capacity, υac is the acoustic velocity, τ the average
thermal phonon lifetime and γ is the Gruneisen parameter. The damping
time is then τac = 1/(2αυac). Equation 1.15 is not easy to evaluate. Usually,
the Gruneisen parameters are not known. There is also a certain arbitrariness
to choosing the average thermal phonon lifetime τ .
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CHAPTER 2
SPECTRAL PHONON SCATTERING IN
SILICON NANOWIRES
The work is reprinted with permission from M. G. Ghossoub, K. V. Valavala,
M. Seong, B. Azeredo, K. Hsu, J. S. Sadhu, P. K. Singh, and S. Sinha, Spec-
tral Phonon Scattering from Sub-10 nm Surface Roughness Wavelengths in
Metal-Assisted Chemically Etched Si Nanowires, Nano Letters 13, 1564-1571
(2013). [Online]. Available: http://dx.doi.org/10.1021/nl3047392. Copy-
right 2013 American Chemical Society.
Frequency dependence in phonon surface scattering is a debated topic in
fundamental phonon physics. Recent experiments and theory suggest such
phenomenon but an independent agreement between the two remains elu-
sive. We report low-temperature dependence of thermal conductivity in sili-
con nanowires fabricated using a two-step, metal-assisted chemical etch. By
reducing etch rates down to 0.5 nm/s from the typical >100 nm/s, we re-
port controllable roughening of nanowire surfaces and selectively focus on
moderate roughness scales rather than the extreme scales investigated pre-
viously. This critically enables direct comparison with perturbation-based
spectral scattering theory. Using experimentally characterized surface rough-
ness, we show that a multiple scattering theory provides excellent agreement
and explanation of the observed low-temperature dependence of rough sur-
face nanowires. The theory does not employ any fitting parameters. A 5-10
nm roughness correlation length is typical in metal-assisted chemical etching
and resonantly scatters dominant phonons in silicon, leading to the observed
∼ T 2.6−2.4 behavior. Our work provides fundamental and quantitative in-
sight into spectral phonon scattering from rough surfaces. This advances
applications of nanowires in thermoelectric energy conversion.
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2.1 Introduction
The low-temperature (≤ 50 K) dependence of thermal conductivity or equiv-
alently, conductance, can provide insight into the frequency dependence of
dominant phonon scattering mechanisms. For bulk materials where the mean
free path is limited by crystal dimensions at low temperatures, thermal con-
ductivity follows a typical ∼ T 3 behavior arising from the temperature de-
pendence of the heat capacity. Deviations from this dependence appear in
diverse nanostructures and indicate differences in phonon transport from
the bulk. In transport involving one- and two- dimensional phonons, a de-
viation can arise due to difference in the density of states from the bulk.
Distinct from this, a deviation can also arise in three-dimensional phonons
from spectral dependencies in phonon surface scattering. Experimental ev-
idence for the latter is rare and relatively recent. In particular, spectral
surface scattering is believed to play a role in reducing the thermal conduc-
tance of silicon nitride bridges below the quantum of ballistic conductance
[20, 29] at temperatures ≤ 1 K. Another notable example is the anomalous
∼T low-temperature behavior in vapor-liquid-solid (VLS) silicon nanowires
with diameters ≤ 40 nm [36, 37]. A quantitative relation between thermal
conductance and surface morphology remains challenging. Previous theoret-
ical attempts [37] rely on fitting the conductance data which detracts from
a general explanation of the role of roughness. Recently suggested empiri-
cal relations [38] suffer from the same lack of generality. In this Letter, we
systematically investigate spectral dependencies in phonon surface scattering
using low-temperature measurements of thermal conductivity of individual
silicon nanowires fabricated using metal-assisted chemical (MAC) etching.
Metal-assisted chemical etching [39] offers a relatively simple fabrication
of silicon nanowires with greater control of surface roughness than compet-
ing methods. The roughness morphology appears to have a dramatic effect
on phonon transport with experimental claims of room temperature ther-
mal conductivity as low as ∼2 W/m.K. However, the physics behind the
reduction remains unresolved. The low thermal conductivity has generated
interest in MAC-etched Si nanowires as potential thermoelectric materials.
Current theories attempt to both explain [30] and dispute [40, 41] surface
roughness as the cause for thermal conductivity reduction. Recent experi-
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ments aiming to elucidate the role of roughness, reported measurements of
thermal conductivity of individual nanowires [38] and wire arrays [42], simul-
taneously with electron microscopy of surface morphologies. The conclusions
from the two studies are somewhat divergent. One claims a strong correlation
between thermal conductivity and a surface roughness parameter [38] while
the other correlates thermal conductivity with Raman line width broadening
suggesting interior defects [42]. Further, a key roughness parameter, the cor-
relation length is defined differently in these two studies. We seek to clarify
these aspects in the present work.
Figure 2.1: SEM micrographs of silicon nanowires for different MAC-etch
chemistries. (a): ρ = 35 %, tetch = 40 s and M (H2O) = 46.5 M. (b): ρ =
75 %, tetch = 40 s and M (H2O) = 46.5 M. (c): Nanowire lengths for tetch =
40 s, ρ = 75 % and M (H2O) = 38.1 M. (d): Nanowire lengths for tetch =
80 s, ρ = 75 % and M (H2O) = 54.2 M. Silicon thins (b) appear
occasionally around the nanowires and are left over from cracks in the Au
film. These completely oxidize and etch after post-roughening. Scale bar:
250 nm (a, b, d) and 2 µm (c).
In a departure from previous investigations that emphasize the room tem-
perature magnitude of thermal conductivity of MAC-etched silicon nanowires,
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this Letter focuses instead on the low temperature trend where the effect of
surface scattering is more pronounced. We present a unified picture of sur-
face scattering that explains the observed low temperature dependence of
MAC-etched as well as thin VLS nanowires that show deviations from the
typical ∼ T 3 trend in thermal conductivity.
In this work, we report a two-step MAC-etch that yields ∼20 µm long
nanowires with diameters ranging from 68 to 123 nm and root mean square
(RMS) surface roughness 1% of the diameter. The choice of the rough-
ness scale is deliberate and facilitates a direct comparison with perturbation
based theoretical results that assume low roughness slopes. A careful choice
of etching condition, based on previous results, also reduces the risk of in-
troducing deep defects. We report thermal conductivity data on suspended
individual nanowires and obtain the frequency dependence of phonon scat-
tering from fits to the low temperature data. Comparing these and previous
measurements with a theory of multiple scattering of phonons from surfaces,
we show good quantitative agreement between theory and the observed tem-
perature dependences. This work provides key insight into the role of surface
roughness in phonon scattering and in reducing the thermal conductivity of
nanowires for thermoelectric energy conversion.
2.2 Nanowire Fabrication and Characterization
Silicon in contact with a noble metal and submerged in a hydrofluoric acid
(HF) oxidizer solution undergoes metal-assisted chemical etching [39]. One
commonly suggested mechanism for the etching process involves the reduc-
tion of the oxidizer (typically hydrogen peroxide or silver nitrate) at the
surface of the metal to generate holes that then diffuse to the metal-silicon
interface [43, 44]. Oxidation and etching of silicon occurs at the interface in
the presence of holes and HF. Previous work [45] indicates that the etch
rate peaks when the value of a parameter ρ, defined as the molar ratio
= [HF ]/([HF ] + [oxidizer]) , is in the range 70-80%. One hypothesis on
the observed trend suggests that the rate of reduction of hydrogen peroxide
is stoichiometrically balanced by the rate of oxidation of the silicon under-
neath the catalyst. Observation of low roughness sidewalls in this range of
20
ρ and evidence of porosity at lower ρ support this hypothesis [45]. In view
of the detailed past studies of MAC-etch chemistries, we depart from pre-
vious work [38] and fabricate nanowires strictly at ρ > 75% to rule out the
possibility of deep pores. In this Letter, we employ a two-step MAC-etch to
first fabricate smooth surface nanowires and then controllably roughen their
surfaces to yield RMS heights ∼1% of the diameters.
In the first step, a Temescal e-beam evaporation system deposited around
10 nm of silver at 1 A/s on degreased and RCA-1 cleaned (100) p- Si wafers
(1-10 Ω.cm). Annealing in a rapid thermal processing chamber for 4 hours
in high vacuum and at 350 oC dewetted the silver film into isolated particles.
After dewetting, the same e-beam evaporation system deposited a 10 nm
gold film at 0.5 /s. Immersing in RCA-1 solution (NH4OH:H2O2:Methanol
= 1:1:2; v:v:v) at room temperature and sonicating four times (10 min each)
etched most of the silver nanoparticles covered with Au and left behind a
gold mesh pattern on the substrate with an average pore size in the range
100-120 nm. A MAC-etch at ρ = 95% (HF(49%):H2O2(30%):Ethanol =
13:2:12; v:v:v) for 30 min produced long nanowires ( 20 µm) for subse-
quent measurements. Substrates with nanowires were immersed in aqua
regia (HNO3(68%):HCl(37%) = 1:3; v:v) for 3 min to remove the Au mesh.
In the second step, sputtering for 15 s on a Denton Desk II TSC deposited
Au nanoparticles (∼6 nm) on the surface of the nanowire array. We used
all-angle rotation to coat the nanowire surface more uniformly. In order to
increase nanowire surface roughness in a controllable manner, we investi-
gated diluted MAC-etch chemistries to further reduce the etch rates. We
immersed samples in solutions with ρ = 75% while varying the water molar-
ity from 38.1 M to 54.9 M. We compared the etch chemistry (Fig. 2.1(a),
ρ=35%) employed in a recent study on nanowire thermal conductivity [38] to
ours and found, at ρ = 75%, the tips of nanowires to be relatively smoother
and well-defined under high-magnification SEM (Fig. 2.1(b)). This was re-
gardless of the water molarity. By changing the molarity from M (H2O) =
38.1 M (Fig. 2.1(c)) to M (H2O) = 54.2 M (Fig. 2.1(d)), we further reduced
the etch rate from 108 nm/s to 0.5 nm/s respectively. The dramatically
reduced etch rate enabled moderate roughening of nanowire surfaces that is
key in this work. All subsequent characterization involves nanowires rough-
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ened in MAC-etch solutions with M (H2O) = 54.2 M and post-roughening
times in the range 14-20 s.
To characterize surface morphology, we obtained high-resolution transmis-
sion electron microscopy (HRTEM) images (JEOL 2010 LAB6) of individual
Si nanowires from three different donor substrates, with post-roughening
times of 14, 17 and 20 s respectively. The same substrates provided the
nanowires for subsequent thermal conductivity measurements. Selecting 10
or more nanowires at random from each substrate, we imaged each wire along
the length in 60 nm segments and then stitched the segments with image pro-
cessing software (Fig. 2.2(a)). Each segment is a HRTEM image along the
(110) zone axis. The [111] direction (Fig. 2.2(c)) provides a reference for the
stitching process. High-resolution TEM imaging also allowed the distinction
between crystalline silicon and the amorphous surface layer (Fig. 2.2(b)).
The amorphous layer is roughly 2 nm thick and uniform along the nanowire.
We consider this to be the native oxide.
Figure 2.2: (a): Example of a stitched roughness profile of a single Si
nanowire from TEM. (b): The red trace line delimits the Si/SiO2 interface
at the surface of the nanowire. (c): High resolution TEM micrograph along
the (110) zone axis.
We traced the roughness profile (Fig. 2.2(b)) by picking discrete points
along the Si/SiO2 interface and fitting a smoothing beta spline to the points.
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Sampling the resulting beta spline with a spacing interval ≥ 0.3 nm provided
a discrete height profile that is suitable for subsequent height distribution,
autocorrelation and Fourier analysis. A linear fit through the entire profile
provided the reference height and ensured a zero mean height. The nanowires
did not show any significant curvature over the imaged length.
Figure 2.3: (a): Roughness profiles of two nanowires with moderate and
high RMS roughness. (b): The corresponding continuous wavelet transform
(CWT) spectral maps.
In order to investigate the possibility of axially non-uniform roughness, we
analyzed the profiles using the continuous wavelet transform (CWT) [46].
This is important in our work since theoretical results exist only for uniform
roughness statistics. Figure 2.3 compares segments of moderate and high
roughness nanowires using the corresponding spectral maps of normalized
CWT coefficients along the lengths of the nanowires. The CWT coefficients
are inner products of the surface profile and wavelet functions. Normalizing
the coefficients by the RMS height (σ) facilitates comparison between differ-
ent spectral maps. We employed the Daubechies 4 wavelets (db4) that are
suitable for detecting both smooth oscillations and abrupt discontinuities
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in the surface profile. The wavelength shown in Fig. 2.3(b) is a pseudo-
wavelength associated with each scaled version of the db4 wavelet. It is
equal to the wavelength that corresponds to the peak power in the Fourier
transform of the wavelet. For moderate roughness (σ < 2 nm), CWT maps do
not show any drastic change in characteristic wavelengths across the length
of the nanowires. This indicates that roughness statistics are uniform along
the length and that localized surface asperities that may affect thermal con-
ductivity are unlikely. However, nanowires with σ >2 nm show abrupt axial
variations in the characteristic wavelength and consequently, in profile statis-
tics. This is evident from localized peaks in the CWT coefficient that appear
in the CWT spectral map as shown in Fig. 2.3(b). As mentioned above,
existing theory does not cover nanowires with non-uniform roughness statis-
tics. To facilitate a direct comparison, we only chose nanowires with σ < 2
nm in all further analysis.
The distribution of surface heights is Gaussian across all nanowires as ex-
pected. The RMS roughness height is equal to the standard deviation in
the height distribution. The RMS heights averaged over different nanowires
were 1.0±0.2 nm, 1.1±0.2 nm and 1.3±0.2 nm for substrates exposed to 14
s, 17 s and 20 s post-roughening respectively. A key roughness parameter
appearing in wave scattering theory is the correlation length of roughness
(lc). The choice of correlation length is not unique, as evidenced in recent
work where the correlation was calculated differently in real [42] and Fourier
spaces [38]. We have examined these methods and found the correlation
length estimated from the height-height auto-correlation function (ACF) in
real space to have the clearest correspondence with theories of wave scatter-
ing from random surfaces [7]. We note that the ACF and the power spectrum
contain exactly the same information as per the Wiener-Khinchin theorem.
However, it is straightforward to obtain the correlation length reliably from
the real space function. The point of truncation of the power spectrum is
sensitive to the sampling rate and affects large wave numbers ( 1 nm−1).
Slopes in fits to the power spectrum across large wave numbers become sen-
sitive to such truncation errors. An alternate approach [47] is to use the
structure function to determine the correlation length. The structure func-
tion is formally equivalent to the ACF for stationary profiles [48] and has
the advantage of being independent of the choice of reference height. The
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ACF correlation lengths are comparable to one fourth of the values obtained
from the structure function when determined using the method of Ref. [47].
The dissimilarity between the two lies in the manner of defining the corre-
lation length with the definition in the latter case rooted in the statistical
mechanics of thermodynamic roughening [49]. Since our interest is primarily
in comparing with wave scattering theory, we use the ACF in subsequent
analysis following the common convention in such theory [7]. As we show
below, surface scattering is extremely sensitive to short correlation lengths.
Thus, the roughness analysis described above forms a key component of the
present work.
Figure 2.4: Autocorrelation function of the traced Si/SiO2 boundary shown
in Fig. 2.2 with Gaussian and exponential best fits.
Figure 2.4 shows a sample ACF for a nanowire from the 17 sec roughening
process. The ACF has a Gaussian dependence at small correlation distances
R but then decays exponentially for R > 6 nm. Oscillations occurring in the
ACF at large correlation distances indicate the presence of long-range peri-
odicity in the height profile but do not contribute significantly to the power
spectrum. The periodicity is indicative of a pseudo-random rough surface.
The same statistics is evident in the power spectrum of the height distribu-
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tion (see Supplementary Information) where a Gaussian fits the spectrum
well at small wavenumbers (k < 0.2 nm−1). A Lorentzian, the corresponding
Fourier transform of the exponential, over-estimates the power spectrum at
large wavenumbers but still provides a good estimate for 0.2 < k < 1 nm−1.
At k > 1 nm−1, the amplitude of the power spectrum is already three or-
ders of magnitude lower than at low wavenumbers and does not contribute
significantly to the height profile. In our subsequent analysis, we take the
correlation length as the width of the Gaussian fit to the ACF at 1/e of its
maximum value. The correlation length, extracted using this method ranges
between 4-8 nm and is independent of post-roughening time. We note that
the exponential fit to the ACF also yields similar correlation lengths.
2.3 Measurement of thermal Conductivity
Thermal conductivity measurements of individual nanowires from the three
substrates employed a micro-fabricated platform. Ref. [50] describes the
fabrication of the platform and the principle of the measurement in detail.
Briefly, a silicon nanowire bridges two micro-fabricated, thermally isolated sil-
icon nitride platforms that contain heating and temperature sensing Pt coils.
The Supplementary Information shows a scanning electron micrograph of
the device. We welded the nanowire to the platform using Pt deposition un-
der a focused ion beam. A temperature-controlled cryostat (Janis ST-100)
provided background temperature, T0 in the range 5 to 350 K. A thermal
model [50] of the system enables extraction of the thermal conductance of
the nanowire as Gs = Gb∆Ts/(∆Th −∆Ts). The total thermal conductance
of the nitride beams suspending each platform is Gb = P/(∆Th + ∆Ts) where
P is the power supplied to one beam and the heating coil. ∆Th and ∆Ts are
the change in temperature for heating and sensing coils respectively. We plot
P versus ∆Th + ∆Ts and obtain Gb by fitting a line through it. A weighted
total least square algorithm [51] fits the line since both and have uncer-
tainties associated with their measurements. The same method provides an
estimate of the thermal conductance through the nanowire. Neglecting the
thermal contact conductance, the thermal conductivity of the nanowire is
κ = 4GsL/(piϕ
2).
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Figure 2.5: (a): Temperature dependence of thermal conductivity for single
nanowires with different diameters φ and RMS roughness heights σ. The
exponent n is the temperature dependence of κ as obtained from the fits to
the low temperature data. (b): Temperature dependence of thermal
conductivity on a logarithmic scale and corresponding fits using a modified
Holland-Callaway model.
We verified that our measurements are not contact limited by changing the
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contact area up to a factor of three without noticing any change in the mea-
sured conductance. Details of the measurement and associated uncertainties
are provided under Supplementary Information in appendix B.
2.4 Results and Discussion
Figure 2.5(a) shows the measured temperature dependence of thermal con-
ductivity for silicon nanowires and also indicates the diameter φ and RMS
roughness σ. The range of thermal conductivities is 6-10 W/m.K at room
temperature. This is similar to those reported recently for nanowire ar-
rays measured using time-domain thermoreflectance [42] and also for single
nanowires [38]. The Casimir limit [52] at these diameters is substantially
higher (κ ∼ 40 W/m.K for φ = 100 nm). The thermal conductivity at low
temperatures follows a T n dependence where n < 3. We expect the heat
capacity of silicon nanowires to be the same as the bulk since phonon disper-
sion and density of states remain unaltered above diameters of ∼20 nm [53].
Therefore, we hypothesize that the trend indicates frequency dependence in
the dominant phonon scattering mechanism and explore this below in detail.
A gray mechanism such as the one assumed under the Casimir model clearly
cannot explain the observed trend.
Table 2.1: Summary of nanowire characteristics reported in this work.
Diam (nm) Length (nm) tpr (s) σ (nm) lc (nm) D
a (ps) ma nb
83±2 4610±10 14 1±0.2 6.1±0.5 3.2 0.6 2.4
123±10 3980±10 17 1.1±0.2 4.1±0.7 3.4 0.9 2.1
68±2 4348±10 17 0.3 1.1±0.2 4.1±0.7 1.4 1.6
82±10 7940±15 20 0.7 1.3±0.2 4.2±0.7 1.0 2.0
120±10 4390±10 20 0.3 1.3±0.2 4.2±0.7 0.7 2.3
aτb
−1 (ω) = D−1(ω/ωc)
m; ωc = 43× 1012rads/s; bκ ∼ T n;T < 40 K
To quantify the empirically observed frequency dependence of surface scat-
tering at low temperatures, we first fit the thermal conductivity data as fol-
lows. We employ the models of Callaway [54] and Holland [16] but use a
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modified cut-off frequency as suggested by Mingo [53]. This modification
accounts for the differences between the Holland model of dispersion and
more accurate lattice dynamics calculations. Assuming a linear dispersion
relation at low temperatures and treating all polarizations equivalently, the
expression for thermal conductivity becomes:
κ =
1
2pi2kBT 2υ
ωc∫
0
e~ω/kBT
(e~ω/kBT − 1)2 (~ω)
2ω2τ(ω)dω (2.1)
where υ (∼6400 m/s) is the average phonon propagation speed, kB is the
Boltzmann constant, ~ is the reduced Planck constant, and ωc is the cut-off
frequency. τ(ω) is the effective frequency-dependent phonon scattering time,
evaluated under Matthiessens rule. For mass difference, Umklapp scattering,
and boundary scattering, we use the rates τ−1m = Aω
4 , τ−1U = BTω
2e−C/T ,
and τ−1b = D
−1(ω/ωc)
m respectively. We determine the values of A, B, C and
ωc following previous literature [55]. Optimizing the fit of thermal conduc-
tivity at low temperatures (T ≤ 40 K) yields D and m. Figure 2.5(b) shows
the different fits and Table 2.1 the values of m and n (also in Fig. 2.5(a))
obtained for different nanowires. We obtain values of n in the range 1.6-2.4.
We have analyzed the data reported in Ref. [38] in the Supplementary Infor-
mation (Section B) and find the value of n to similarly range between 1.5-2.4
in most cases. This is remarkably consistent with our measurements, even
though the reported RMS roughness in those measurements is much larger,
between 2.3-4.3 nm.
We now turn to theory to understand the observed spectral dependence. A
previously proposed theory [37, 56] of spectral surface scattering explains the
data for VLS silicon nanowires with diameters ≤ 40 nm by dividing phonon
modes into two groups. One obeys a gray model and scatters diffusely at the
surface according to Casimir's theory [52]. The second group scatters spec-
ularly with a mean free path that varies as ω−4. This frequency dependence
arises in modes with small Rayleigh parameter, σk⊥ < 1 where k⊥ is the
transverse component of the phonon wave vector. The division between the
two groups is however arbitrary, requiring fits to the data. We have extended
the theory to consider multiple scattering [30] and obtained a perturbation
solution under assumptions of small roughness and roughness slopes that re-
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moves the requirement of fitting constants in the surface scattering rate.
Our theory, in brief, considers complex phase shifts in a phonon mode
reflected off the surface through multiple interactions. The phase shift is cal-
culated as a perturbation in the original phase. The imaginary component
of the phase shift indicates attenuation of the mode as energy is incoherently
scattered amongst other modes. The attenuation length defines a scattering
length consistent with the theory of localization. Quantitative evaluation
of the surface scattering rate requires information on the surface roughness
parameters that we have discussed above. We note that results from the per-
turbation solution are valid when the parameters (σ/φ)2, (σ/lc)
2, and σ2/φlc
are small compared to unity. As discussed above, our method of fabrica-
tion yields nanowires that meet these criteria. The experimental values are
σ/φ < 0.015 and σ/lc < 0.2. To proceed, we use the experimental values
of σ and lc to obtain theoretical predictions of the frequency dependence
in the surface scattering time. We refer the readers to Ref. [30] for a de-
tailed derivation of the scattering time. Essentially, the time is expressed as
τ(ω) =
∑
pq Lpq
/
(N(ω)× υ) where the summation is over all modes at fre-
quency ω, υ is the phonon propagation speed, Lpq is the attenuation length
of the mode with indices (p, q) and N(ω) is the total number of modes at
frequency ω. In comparing the above expression with the boundary scatter-
ing rate τ−1b used to fit the experimental data, we find that the parameter
D mainly depends on the ratio of the rms surface roughness to the diameter
whereas m depends primarily on the magnitude of the roughness correlation
length in relation to the phonon wavelength.
Figure 2.6(a) shows the scattering time calculated for a wire of diameter
100 nm with σ = 1.3 nm, as a function of phonon frequency at values of lc in
the range 5-40 nm. Figure 2.6(b) varies σ keeping φ and lc constant whereas
Fig. 2.6(c) shows the dependence on diameter alone for low surface rough-
ness and corresponds to the case of smooth surface VLS nanowires. The
discreteness in the curves follows from the density of modes. The Casimir
limit appears as a horizontal line. The scattering time follows a power law
in general. For bulk, single-crystalline silicon with gray boundary scatter-
ing, the dominant phonon frequency at low temperatures is 4kBT/h [57] and
ranges between 0.8-3.3 THz at 10-50 K. The corresponding wavelengths are
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∼8-2 nm respectively. Considering this part of the frequency spectrum, we
find that when lc is in the range 5-10 nm and σ = 1.3 nm. We further
note that the correspondence between data and theory is excellent in the
approximate frequency range 0.2-1.0 THz for all nanowires except one. In
this range, the values of m from both theory and data lie between 0.6-1.0.
The data from the remaining nanowire with diameter 68 nm yield m = 1.4,
which matches the frequency range exceeding 1 THz. Since the concept of a
dominant frequency is only approximate at best, we argue that overall, the
analysis correctly predicts the low temperature dependence of the reported
conductivity data to be ∼ T 1.6−2.4. This is remarkable given the absence of
fitting parameters in the surface scattering formulation and simplifications in
the mathematical treatment. As remarked earlier, this also agrees well with
the exponent (∼1.5-2.4) extracted from the data of Ref. [38], shown in the
Supplementary Information. Thus, multiple scattering theory reasonably
predicts the low-temperature dependence of all reported silicon nanowires
fabricated/roughened using metal-assisted chemical etching. Further exami-
nation of the plots in Fig. 2.6 explains variations in low temperature trends
with correlation length, RMS roughness height and diameter. We discuss
these below.
The three parameters govern the overall frequency dependence in the scat-
tering rate differently. The spectral dependence is only weakly sensitive to
the RMS roughness and diameter in general, as shown in Fig. 2.6 (b) and
(c) that plot scattering times for varying σ and φ. The magnitude of the
scattering time D is inversely proportional to the square of the ratio of the
RMS roughness to the diameter. In wires with small RMS roughness com-
pared to the diameter, the scattering time is greater than that obtained under
the Casimir limit across the dominant part of the frequency spectrum. This
leads to the Casimir limit with overall ∼ T 3 dependence in thermal conduc-
tivity. When the diameter is small, for example ≤ 40 nm, the scattering
time decreases sharply even at low (∼0.5 nm) RMS roughness, leading to an
overall frequency dependence. The exponent obtained from Fig. 2.6(c) leads
to low temperature behavior ∼ T 1.3−1.5, consistent with data for thin VLS
nanowires [37].
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Figure 2.6: (a): Phonon scattering time for Gaussian correlation at different
correlation lengths lc in a nanowire with a 100 nm diameter and RMS
height σ = 1.3 nm. (b): Phonon scattering rate for Gaussian correlation at
different RMS heights σ in a nanowire with a 100 nm diameter and
correlation length lc = 5 nm. (c): Diameter dependence of phonon
scattering time for smooth nanowires with σ = 0.5 nm and lc = 20 nm.
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The specific temperature dependence of metal-assisted chemically etched
nanowires arises due to the presence of extremely short correlation lengths
(≤10 nm) in the surface roughness. These wavelengths resonantly scatter
dominant phonon wavelengths in silicon. At longer correlation lengths, the
resonance shifts to smaller frequencies (or longer wavelengths), ≤0.1 THz for
lc ≥ 50 nm, as shown in Fig. 2.6(a). There are fewer modes at such low
frequencies. These either do not contribute significantly to heat conduction
or remain Casimir limited, recovering the typical ∼ T 3 behavior of thermal
conductivity. Our measurements and calculations thus emphasize fundamen-
tal wave physics and show that surface correlation lengths must match the
dominant phonon wavelengths for strong scattering. Metal-assisted chemical
etching happens to provide just such correlation lengths.
2.5 Conclusion
In conclusion, we have measured the thermal conductivity variation at low
temperatures in metal-assisted chemically etched silicon nanowires with ex-
perimentally characterized, moderate roughness scales. This is a departure
from previous work that focused on the low room temperature thermal con-
ductivity of nanowires with relatively larger roughness scales. The observed
dependence at low temperatures agrees well with the predictions of a previ-
ously proposed multiple scattering theory. Though the agreement strongly
suggests that surface scattering is responsible for limiting heat conduction in
these nanowires, we mention an alternate but subtle possibility of inhomo-
geneous strain fields, whose correlation lengths could plausibly follow that
of the surface profile. However, this is speculative at this point and difficult
to verify experimentally. In comparison, consideration of surface scattering
simultaneously explains the frequency dependence in not just metal-assisted
chemically etched nanowires but also thin VLS nanowires that are not known
to contain any inhomogeneous strains. This strengthens the case for surface
scattering as the universal mechanism governing phonon transport in both
VLS and MAC-etched nanowires. This Letter provides fundamental and
quantitative insight into the spectral nature of phonon surface scattering in
nanowires. The results advance the potential application of silicon nanowires
in thermoelectric energy conversion.
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CHAPTER 3
ACOUSTIC PHONON LIFETIMES IN
NANOWIRES AND NANOMEMBRANES
In chapter 2 we presented our work on measuring the thermal conductivity
of rough Si nanowires at low temperatures. This enabled us to fit the low
temperature trends in thermal conductivity and extract the frequency depen-
dence of phonon boundary scattering. We showed that a multiple scattering
theory based on the Bourret approximation is able to predict the observed
trends. Here, we extend the study of surface scattering to the acoustic do-
main. We use an ultrafast pulsed femtosecond laser to excite the 1st order
longitudinal dilatational mode in suspended Si nanomembranes and measure
its damping lifetime. In contrast to thermal measurements, this method al-
lows the determination of the lifetime of single frequency acoustic modes.
The thinnest membrane we measure is 36 nm thick. This corresponds to a
dilatational mode frequency of 118 GHz.
Previous acoustic measurements [58, 59] on thick Si samples (> 50 µm)
show that the acoustic lifetime is limited by the intrinsic Akhieser damping
mechanism (See Chapter 1). In contrast, more recent work [60, 61, 62] on
thin Si membranes (< 200 nm) show that the measured acoustic lifetime
is below what the Akhieser damping mechanism predicts. This indicates a
possible role of surface scattering in reducing the lifetime of acoustic modes
in membranes thinner than 200 nm. Unlike previous acoustic measurements
in Si membranes, we systematically measure the RMS roughness heights
and correlation lengths of our membranes to allow comparison with rough
surface wave scattering theories. Further, by adding a thin aluminum trans-
ducer on top of the thickest membranes, we are able to measure the damping
time of higher frequency modes. We also adapt our membrane measurement
technique to determining the lifetimes of acoustic modes in suspended Si
nanowires in the GHz range.
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3.1 Suspended Si Nanowire and Nanomembrane
Fabrication
High purity ultrathin 8 inch silicon on insulator (SOI) wafers (SOITEC -
UNIBOND - 42.8 Ω.cm) provided the starting material for fabricating the
suspended Si nanowire and Si membranes. The device layer, buried oxide
and Si substrate thicknesses are 205 nm, 410 nm and 700 µm respectively.
Figures 3.1 shows the fabrication steps for suspended silicon membranes.
Figure 3.1: Process flow diagram for suspended Si membrane fabrication.
We first deposit a 300 nm thick film of silicon rich silicon nitride (SiNx)
using a low pressure chemical vapor deposition (LPCVD) process at 800 oC.
We then encapsulate the diced SOI samples with protective silicon dioxide
and silicon nitride layers using plasma-enhanced chemical vapor deposition
(PECVD) in order to reduce surface damage and contamination in subse-
quent fabrication processes. We use photolithography to define a backside
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window in Si through which we etch the Si substrate using a combination of
deep reactive ion etching (DRIE - Inductively coupled Bosch Process) and
wet etching in tetramethylammonium hydroxide (TMAH - 80 oC. Dipping
the samples in a buffered oxide etch (BOE) solution removed the backside
buried oxide thus exposing the Si device layer. We used a freon RIE process
with CF4 gas flow rate of 30 sccm at 35 mTorr pressure and a power of 100
W to etch the protective layers covering the top surface of the SOI samples.
This produced a suspended SiNx-Si bilayer that is a few millimeters across.
Further etching with the same freon RIE process through a stencil mask
allowed us to suspend the Si membrane.
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Figure 3.2: Raman scattering intensity, peak shift and peak width for a 200
nm thick Si suspended Si membrane. The FWHM instrument broadening is
∼ 1 cm−1.
The final membrane device is a suspended SiNx-Si bilayer frame supporting
a central suspended Si 300 by 300 µm window. The silicon nitride frame (1
by 1 mm) serves to reduce the wrinkling of the suspended thin Si membranes.
The SiNx layer has a residual tensile stress of ∼600 MPa. Raman measure-
ments on the suspended Si membrane show a peak shift of ∼ −2.4 cm−1
indicating a tensile stress of ∼500 MPa (∂ω/∂σ = −0.004 cm−1/MPa [63]),
which is consistent with the residual stress in the SiNx layer. We have used
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the same freon RIE process described above to further etch the suspended
Si layer in order to reduce its thickness.
AFM measurements (Cypher - Asylum Research) on the top membrane
surface provided the RMS surface heights. We were unable to measure the
roughness on the back surface of the membranes. We also computed the
autocorrelation function of the AFM surface scans to extract the correlation
length. We obtained a value of 40 nm that is sample-independent. This
value is not reliable since it is only twice the spatial resolution of the instru-
ment. Previous TEM and AFM measurements [64, 65] of Si surfaces with
similar surface treatment suggest a surface roughness correlation length that
is closer to 15 nm. The frequency of the measured acoustic signal provided
the membrane thickness (See section 3.2). Table 3.1 shows a summary of
the fabricated samples, acoustic frequencies, membrane thicknesses and the
corresponding RMS surface heights.
Table 3.1: List of samples and summary of membrane thickness and RMS
surface height.
Sample Frequency (GHz) Thickness (nm) RMS Roughness (nm)
1 20.4 207 0.6
2 22.6 186 0.6
3 22.6 187 0.3
4 23.1 182 0.7
5 23.8 177 0.3
6 28.0 151 0.4
7 28.1 150 0.4
8 33.7 125 0.3
9 37.9 111 0.3
10 64.2 66 0.5
11 66.4 64 1.2
12 86.0 49 0.3
13 102.2 41 0.3
14 118.2 36 0.9
In the nanowire fabrication process (Fig.3.3), we use electron beam lithog-
raphy (495K PMMA A2 - MICROCHEM) to define nanowire arrays of differ-
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ent lengths and widths. We use a Bosch process to transfer the PMMA pat-
terns to the underlying silicon. The final steps involve releasing the nanowires
through etching the buried silicon dioxide layer in a buffered oxide etch so-
lution and subsequent sputtering of a thin aluminum layer (∼13 nm) which
acts as an optical transducer. Figure 3.4 shows two scanning electron micro-
graphs of suspended nanowire arrays with different dimensions.
Figure 3.3: Process flow diagram for suspended Si nanowire fabrication.
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Figure 3.4: Scanning electron Micrographs of suspended Si nanowire arrays.
(Top) - (Length, Width, Thickness) = (15 µm, 395 nm, 205 nm). (Bottom)
- (5 µm, 169 nm, 205 nm).
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3.2 Acoustic Generation and Detection Mechanism
We use an ultra-fast femtosecond laser pump-probe setup to excite acoustic
modes in the membranes and nanowires. The induced acoustic strain changes
the reflectance of the sample which we pick up through the reflected intensity
of a probe beam. Section A.1 of appendix A summarizes the details of the
measurement setup. When a laser pulse hits the silicon surface, it excites an
electron-hole (e-h) plasma. The e-h pairs relax (∼1 ps) to the edges of the
conduction and valence bands releasing excess energy as heat to the lattice.
The absorbed energy of the laser radiation generates a stress in Si in the
form
σii = −B∂Eg
∂p
∆N − 3Bβ∆T (3.1)
where B is the bulk modulus, ∂Eg/∂p is the hydrostatic deformation poten-
tial, ∆N is the e-h pair density, β is the linear thermal expansion coefficient,
and ∆T is the temperature increase in the lattice. The first term in equation
3.1 represents the electronic contribution to the generated stress while the
second term is the thermal contribution and results from the sudden expan-
sion of the lattice. The laser energy absorbed per unit volume E0 determines
the magnitude of ∆N and ∆T as follows:
∆N =
E0
hν
; ∆T =
E0
hν
hν − Eg
C
. (3.2)
In the equation above, hν is the energy per photon, C is the volumetric
heat capacity and Eg represents the band-gap energy of Si. In bulk silicon,
the electronic contribution is an order of magnitude larger than the thermal
contribution [66]. The deformation potential is negative in Si so that the
thermal and electronic stresses are opposite in sign. The large penetration
depth of 785 nm wavelength radiation in Si makes the generated stress uni-
form along the thickness of the membrane. This stress produces a strain
pulse which travels along the membrane which results in exciting the first
and higher order dilatation modes of the membranes. The frequency of the
first order dilatation mode is ν = υ/(2d) where d and υ are the membrane
thickness and longitudinal speed of sound respectively. The acoustic wave-
length is just twice the thickness λac = 2d. In our subsequent discussion, we
approximate the acoustic mode to a plane wave since the diffraction spread
of the acoustic beam is negligible when compared to the laser spot size b for
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the duration of the measurement (tmax << b
2/(υλac)). The generated strain
changes the refractive index of Si through the photoelastic effect and modu-
lates the membrane thickness (Si optical cavity width) through the displace-
ment field. Both cause a change in the optical reflectance of the membrane
that the probe beam measures (See section A.1). Owing to the small pho-
toelastic coefficients of Si, the membrane thickness modulation dominates
the change in reflectance. Figure 3.5 shows the thickness dependence of re-
flectance, absorptance and transmittance of Si membranes at a wavelength of
785 nm. A measurement of reflection is challenging for membrane thicknesses
around 105 nm where the reflectance becomes negligible.
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Figure 3.5: Reflectance, transmittance and absorptance of Si membranes as
a function of membrane thickness.
To measure the lifetime of the first order dilatation mode, we first remove
the electronic background from the in-phase voltage at the lock-in amplifier
by running a moving average and fitting the averaged signal with a cubic
beta spline as shown in figure 3.6. We then detect the peaks in the resulting
acoustic signal as shown in the inset of figure 3.6 and use linear regression to
fit a line through the logarithm of the peak amplitudes. The inverse of the
fitted slope and its corresponding 68 percent confidence interval determine
the amplitude damping time and its standard deviation. The energy damp-
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ing time is half the amplitude damping time since acoustic energy scales as
the square of the amplitude.
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Figure 3.6: In-phase voltage for a 182 nm thick membrane with
corresponding spline fit. Inset: Acoustic signal with corresponding peaks.
Measurements on bare Si allowed us to selectively probe the damping time
of the 1st order dilatational mode of the membranes. We have also performed
acoustic measurements on a 182 nm thick Si membrane on which we have
sputtered a thin layer (∼13 nm) of aluminum. This allowed us to measure
the lifetime of high frequency acoustic modes which are not accessible with-
out the Al transducer. The thermal contribution to stress is dominant in Al
and the primary detection mechanism is through the photoelastic effect [67].
Figure 3.7 shows the acoustic response from a 13/182 nm Al/Si bilayer. At
13 nm, the aluminum layer absorbs around 85 percent of the total absorbed
power with the remaining absorbed in Si.
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Figure 3.7: Acoustic response for an Al/Si bilayer (13/182 nm).
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Figure 3.8: First six pulses isolated from the acoustic response in figure 3.7.
The absorbed laser pulse generates a strain front at each of the interfaces
(Air-Al , Al-Si and Si-Air) [68]. These strain fronts travel back and forth
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in the bilayer and appear as peaks in the acoustic signal as they reach the
aluminum surface. We identify these by a sequence of numbers 1 to 5 in fig-
ure 3.7. Fronts 1 and 3 start at the Si-Air and Air-Al interfaces respectively
and travel towards the opposite boundary while fronts 2 and 4, created at
the Al-Si interface, travel in opposite directions as shown. Fronts 2 to 4 are
delayed with respect to each other by the travel time inside the Al layer.
Their combined effect is a series of acoustic pulses with three fronts that we
detect in the acoustic response of the sample. We isolate these pulses (Figure
3.8) and compute their Fourier spectrum (Figure 3.9). Each pulse shows a
spectrum that is centered at ∼0.12 THz which decays exponentially in time.
We obtain the damping time at each frequency by using linear regression
to fit a line through the logarithm of the Fourier amplitude versus time in
a manner similar to what we did for the peaks in the acoustic response of
membranes.
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Figure 3.9: Fourier spectrum of the first six pulses isolated from the
acoustic response in figure 3.7.
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Figure 3.10: Deformed shape and elastic strain intensity for acoustic modes
excited in a Si nanowire array (Length = 5 µm - Width = 267 nm -
Thickness = 205 nm)
Similar mechanisms in Si nanowire arrays lead to the excitation of acoustic
modes in the nanowires. These change the reflectivity of aluminum through
the photoelastic effect which in turn changes the reflectance of the nanowire
array. We fix the spot size of the laser beam so that it exceed the length of
the nanowires. This prevents the excitation of flexural modes that complicate
the subsequent analysis of damping time. The generated stress is uniform
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along the length of the nanowire. Since we measure the reflected intensity of
the probe beam as it reflects off the surface of the nanowire array, we are only
able to detect those modes for which the elastic strain intensity is uniform and
peaks at the Al surface. In particular, we detect two main acoustic modes.
The first is a bending mode with a frequency that is close to the first order
width resonance of the nanowire (ν ∼ υT/(2W )). The second is a breathing
mode with a frequency that is close to the first order thickness resonance of
the nanowire (ν ∼ υL/(2d)). We use finite element simulations (FEM) in
Ansys to determine the normal modes of the nanowires. We use these results
to identify the modes which frequencies we detect in the measurement. Figure
3.10 shows the deformed shape and elastic strain intensity for acoustic modes
excited in a Si nanowire array with nanowire length = 5 µm, width = 267
nm, and thickness = 205 nm.
3.3 Results and Discussion
Figures 3.11 and 3.13 show the measured lifetimes in the membranes ver-
sus frequency and the equivalent ideal quality factors (Q = ντ) respectively.
The lifetimes decrease with frequency and follow a ν−3 trend for frequencies
larger than 60 GHz. We also show data from similar measurements on Si
membranes [60, 61]. We have corrected these values to reflect the damping
time of acoustic energy (instead of amplitude) as explained in section 3.2.
With the exception of the thickest membranes (ν < 21 GHz), we measured
lifetimes that are nearly one order of magnitude larger than what [60] reports.
Further, we use equation 1.15 to calculate the intrinsic Akhieser lifetime.
We set the Gruneisen term to 1 and the average thermal phonon lifetime to
17 ps. Daly et al. [58] used these values to fit their measurements of the
intrinsic acoustic lifetime in Si membranes that are 52 to 54 µm thick. They
used a thin aluminum transducer to excite high frequency acoustic pulses
(ν = 50− 100 GHz) in Si and monitor their decay time. Their fits were con-
sistent with earlier measurements of intrinsic lifetimes at MHz frequencies.
The Akhieser damping mechanism predicts a lifetime that is almost constant
over the range of frequency under consideration. As expected, the Akhieser
lifetime is larger than the lifetimes we measured in the thickest samples.
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Figure 3.11: Acoustic lifetime versus frequency. Red dots represent results
from this work. Cyan lozenges, green squares, green, and blue triangles are
from [60, 58, 59, 61] respectively.
In order to assess the effect of boundary scattering, we use the Kirchhoff
approximation. First order perturbation theories of wave scattering are not
suitable for our analysis. The tight restrictions on their range of validity
(See section 1.2) are not met for the frequencies and surface RMS heights we
have measured. We use equation 1.13 for the specularity parameter p and
evaluate the surface scattering lifetime as follows:
τ = − 2d
υ ln (p2)
=
A
ν3
; A =
(
υ
4
√
2piσ
)2
. (3.3)
σ is the RMS surface height. We evaluate equation 3.3 for the RMS heights σ
of 0.3 and 1.2 nm which correspond to the smallest and largest measured RMS
surface heights in our samples. We plot in figure 3.11 both the boundary scat-
tering lifetime and total lifetime (Akhieser + Boundary), using Matthiessen's
rule, for both limits of RMS surface heights.
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Figure 3.12: Acoustic lifetime versus frequency for measurements on a 182
nm thick Si membrane with a 13 nm Al transducer (Violet triangles).
The Kirchhoff approximation successfully predicts the ν−3 trend in phonon
lifetime for high frequencies. Further, it is remarkable that the total lifetime
for 1.2 nm RMS height fits our data over the entire frequency range without
any adjustable parameters. This seems to suggest that phonon lifetimes in
these samples are Akhieser-limited for membrane thicknesses larger than 200
nm (∼20 GHz) and that boundary scattering dominates for thin membranes.
Further, we note from equation 3.3 that in any boundary scattering theory
which results in a specularity parameter, the boundary scattering lifetime is
linear in the thickness at constant frequency.
Figure 3.12 shows the lifetimes of higher frequency modes in a 182 nm
membrane measured with an Al transducer. These are lower than the Kirch-
hoff model at σ = 1.2 nm and indicate that the presence of the thin Al film
reduces the specularity of the membrane below what is contributed by sur-
face roughness alone. To verify this observation, we calculate the specularity
of the surface from the measured lifetime. Assuming equation 3.3 holds, we
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obtain the specularity of the surface from
p = exp
[
−d
υ
(
1
τ
− 1
τA
)]
(3.4)
where τ is the measured lifetime and τA is the Akhieser lifetime computed
for a mean thermal phonon lifetime of 17 ps.
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Figure 3.13: Ideal quality factor versus frequency. Same data as figures 3.11
and 3.12.
Figure 3.14 shows the specularity of the different membranes and those of
previous measurements included in figures 3.11 and 3.12. The specularity we
measure for the silicon surface with aluminum is smaller than what we mea-
sure for the same membrane with an Al free surface. Clearly, the presence
of the Al transducer reduces the measured specularity of the surface. This is
consistent with similar thin film effects observed in low temperature thermal
measurements of phonon mean free paths [57].
Maznev et al. measured the lifetime of ∼270 GHz longitudinal modes
in silicon membranes of various thicknesses (> 370 nm) and similar RMS
roughness. They reported a phonon lifetime that increases with membrane
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thickness. We show their specularity data in figure 3.14. Their measured
surface specularity is smaller than what we obtain in our measurements for
thinner membranes at lower frequencies. This may indicate a surface rough-
ness that exceeds what they report in their measurements or the presence of
bulk defects in their membranes that affect higher frequency modes.
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Figure 3.14: Surface specularity versus frequency. Same data as figure 3.11.
Orange triangles represent data from [62].
While the Kirchhoff model predicts the correct frequency trend, we cannot
neglect the fact that it underestimates the magnitude of the surface specu-
larity parameter. Most of the samples we measured have an RMS roughness
height (Table 3.1) that is closer to 0.3 nm than to 1.2 nm. For this value of
roughness, the total expected lifetime (Akhieser + Boundary) is almost an
order of magnitude larger than the measured lifetimes. Nonetheless, we can-
not exclude the possibility that the roughness of the back side surface of the
membrane may be larger than the top side. Further, the measured correlation
length in our membranes is less than 40 nm which questions the validity of
the Kirchhoff approximation (See section 1.2) given that the smallest phonon
wavelength in our measurements is only 72 nm. When the wavelength of thge
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wave exceeds the the correlation length of the surface, the Kirchhoff model
under-predicts the surface specularity [7] and thus the lifetime. It is therefore
not possible to determine whether surface roughness is the only contributor
to reducing phonon lifetimes without a more systematic and thorough in-
vestigation of surface roughness. Future measurements of phonon lifetimes
should therefore consider determining phonon lifetimes at variable frequency
at fixed membrane thickness and roughness. An alternative approach would
be a measurement on a membrane that is systematically roughened.
Figure 3.15: Damping time of acoustic modes in nanowires versus frequency.
Phonon lifetimes extracted from nanowire array measurements are an order
of magnitude lower than their membrane counterparts (Fig.3.15). The mea-
sured lifetimes do not show a dependence on nanowire length as expected for
the type of modes we excite. We have measured the average RMS roughness
height of the nanowires and found it to be ∼ 6.3 nm. Figure 3.16 shows the
total expected lifetime (Akhieser + Boundary) (blue line) with the Kirchhoff
approximation evaluated for the average measured RMS roughness and the
range of characteristic sizes of the nanowires. The theoretical curves seem
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to successfully fit both the amplitude and frequency trends of the measured
phonon lifetimes. Using a similar approach to the membranes we calculate
the average specularity of the nanowire surfaces to be around 0.96. Surface
scattering is the dominant scattering mechanism in these structures.
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Figure 3.16: Same data as figure 3.15 with corresponding Kirchhoff fits.
3.4 Conclusions
We have measured the lifetimes of longitudinal acoustic phonons in sus-
pended thin Si membranes. We showed that the acoustic lifetime is Akhieser-
limited for membranes thicker than 200 nm but is limited by boundary scat-
tering for thin membranes. A surface specularity parameter based on the
Kirchhoff approximation correctly predicts the observed frequency trend but
underestimates the lifetimes by a constant multiplicative factor. Determin-
ing whether surface roughness is the only contributor to reducing phonon
lifetimes requires a more systematic and thorough investigation of surface
roughness. Our measurements on nanowires show phonon lifetimes that are
one order of magnitude lower than the membranes. This is consistent with
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the larger surface to volume ratio in nanowires, the larger surface rough-
ness and the presence of the Al transducer which enhances surface scattering
losses. This work advances our understanding of the mechanisms affecting
acoustic damping in nanomembranes and nanowires. It also paves the way
toward designing higher quality thin film acoustic resonators which are in-
dispensable to the telecommunication and cell phone industries.
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CHAPTER 4
STRUCTURED SURFACES
The work is reprinted with permission from M. G. Ghossoub and S. Sinha,
Total absorption of light in sub-wavelength metallic waveguides. Applied
Physics Letters 103, 231113 (2013). [Online]. Available:
http://dx.doi.org/10.1063/1.4844655. Copyright 2013 American Institute of
Physics.
Resonance cavity modes enhance optical transmission through sub-wavelength
metallic apertures but their role in absorption remains unclear. Here, we use
full field simulation and a semi-analytical model to report absorption and
transmission enhancement in transmission gratings under transverse electric
illumination. The fundamental cavity mode of the sub-wavelength grating
cavities is the major contributor to absorption. We demonstrate the possibil-
ity of tailoring such cavity resonances to induce total absorption in reflection
gratings. Our method advances the understanding of transmittance and ab-
sorption enhancing mechanisms in metallic nanostructures which constitute
fundamental components in energy harvesting, sensing and spectroscopic ap-
plications.
4.1 Introduction
Cavity modes (CM) and coupled surface plasmon polaritons (SPP) enable ex-
traordinary optical transmission (EOT) through one dimensional (1D) metal-
lic gratings under transverse-magnetic (TM) illumination [69, 70, 71, 72, 73].
Recent studies [74, 75, 76, 77, 78, 79] showed that cavity modes are also re-
sponsible for enhancing transmission in the transverse-electric (TE) case. A
well designed grating may thus exhibit transmission enhancement that is in-
dependent of polarization [80, 81]. While the role of cavity modes in enhanc-
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ing optical transmission is well documented, its effect on absorption is less
clear. Here, we elucidate the relationship between inducing high transmission
through cavity resonances and enhancing optical absorption. In particular,
we show that under TE illumination, the peaks in transmission and absorp-
tion coincide in highly reflective gold gratings with sub-wavelength slits and
originate primarily from interference of the fundamental mode of the grating
cavity. Our analysis indicates that total absorption is achievable for both TE
and TM polarizations. It also points to the possibility of tunable polarization
in optical absorption which is desirable in thermophotovoltaic modules [82],
polarizers [83, 84], filters [85] and photodetectors [86, 87]. Understanding
the interplay between transmission and absorption enhancing mechanisms
in metallic nanostructures is important for designing tunable and field en-
hancing nano-antennas that can be used in spectroscopy [88], in gas [89] and
microfluidic [90] sensing.
Since we are interested in the role of cavity modes in improving optical ab-
sorption, we limit our study to 1D transmission and reflection gold gratings
in classical mounting and under TE illumination. With regard to absorption,
the TE polarization presents itself as the limiting case since the transmission
of TE waves through a sub-wavelength line aperture has a cutoff wavelength
above which no propagating modes exist [91]. TM modes do not exhibit
such a cut-off. We thus focus on TE waves in the remainder of this work.
In contrast to previous studies on the spectrum of absorption and transmis-
sion in metallic gratings [71, 76, 77], we study the dependence of absorption
on the width and depth of the grating cavities at a fixed wavelength. Our
approach provides an intuitive survey of the physical processes underlying
optical absorption and offers general design guidelines for improving absorp-
tion independently of the wavelength of incident light.
4.2 Simulation Method
At a wavelength of 800 nm, the reflectance from a smooth gold surface at
normal incidence is ∼0.98 [92] so that less than 3% of the incident radiation
is absorbed. We show that deep line grooves with sub-wavelength widths can
turn this highly reflective gold surface into a highly absorptive one. Figure
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4.1 illustrates transmission and reflection grating patterns in a gold film. We
refer to the slits of the transmission gratings and grooves of the reflection
gratings as open and closed cavities respectively. H and W are respectively
the depth (height) and width of the cavity and T is the thickness of the
metallic sidewall. The lattice period of the grating P is thus equal to W +
T. In this work, we are mainly interested in gratings for which P is smaller
than the wavelength so that only the zeroth order diffraction propagates.
The incident electromagnetic plane wave is normal to the film surface and
TE polarized parallel to the line cavities along the z direction. The elec-
tric field has thus a single component Ez that is invariant along z. In TE
configuration, the grating does not support plasmonic modes. We also show
later that the fundamental eigenmode of the grating is the same as that of
an individual metallic waveguide with the same dimensions as the cavities.
Each scattering cavity site may thus be treated independently.
Figure 4.1: Left: A single open cavity of the transmission grating under TE
illumination. Right: A single closed cavity of the reflection grating.
In order to evaluate the absorptance of the grating, we use the electromag-
netic volume integral equation [93](VIE) to solve numerically for the electric
field intensity around a single cavity and inside its walls. VIE-based numeri-
cal methods make use of the source-field relations of electromagnetics and are
adequate for computing field solutions at cavity and plasmonic resonances
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[94]. We have validated our numerical approach by comparing our VIE sim-
ulation results with known analytical solutions to electromagnetic scattering
from infinite homogeneous and heterogeneous dielectric cylinders [95]. We
performed this validation for different mesh element sizes and element orders
and optimized the mesh for numerical error tolerances that are smaller than
10−4 V/nm. To obtain the absorptance α, we take the ratio of absorbed to
incident power as
α = Qabs/Qinc = (k0/W0) Im (ε)
∫
S
dS (Ez/E0z)
2. (4.1)
Im (ε) is the imaginary part of the relative permittivity of gold, Sis the area
occupied by the cavity walls and k0 is the free space wavenumber. W0 is an
effective width larger than W that accounts for the extent of funneling [96]
of the incident radiation E0z into the cavity.
4.3 Results and Discussion
Figure 4.2(a) shows the absorptance of open gold cavities as a function of
width. The absorptance is larger for deeper cavities and shows distinct peaks
for W < λ/2. These peaks are tighter and increase in number for deeper cav-
ities suggesting the presence of resonances that depend on both W and H.
The absorptance also increases with depth at a fixed width of 425 nm. The
trend suggests the possibility of total absorption for infinitely deep cavities.
The optical attenuation coefficient inside the cavity sidewall is a property of
the metal and is unaffected by geometry. Therefore, the extent of absorp-
tion depends solely on the field amplitude at the gold-air interface. In TE
polarization, Maxwell's equations require a continuity of the electric field Ez
at this interface. Consequently, the increase in absorption follows the degree
of field enhancement inside the cavity. When W << λ, the incident wave
cannot penetrate into the cavity. This results in high reflection and low ab-
sorption. The wave can propagate inside wider cavities but is not confined
enough to enhance the penetration of the field into the sidewalls. The largest
absorptance occurs when W is large enough to allow wave penetration and
yet sufficiently small to preserve field confinement.
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Figure 4.2: (a) Absorptance of an open gold cavity as a function of width
for different cavity depths. Inset: Magnified plot for widths between 340
and 410 nm. (b) Absorptance inside the cavity as a function of width.
Inset: Absorptance inside the cavity as a function of normalized depth for
W = 425 nm.
To understand this further, we evaluate the fraction αi of the electromag-
netic power transmitted into the cavity that is absorbed in the sidewalls.
This removes any contributions from reflection and transmission. We deter-
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mine the transmittance τ12 to the cavity and the transmittance τ23 out of
it through evaluating the Poynting vector Sx at its inlet (interface 12) and
outlet (interface 23) as
τ12,23 = Q12,23/Qinc =
∫
W0
dy real(Sx)12,23
/
Qinc. (4.2)
The absorptance αi is thus equal to (τ12 − τ23)/τ12. Referring to Fig. 4.2(b),
αi decreases with increasing width and increases with the depth H as ex-
pected. The inset of Fig. 4.2(b) shows such a trend for W = 425 nm. When
the width is small enough, αiis equal to 1 which indicates that all of the
power penetrating into the cavity is absorbed in its walls.
For the purpose of comparison, we determine the fundamental propagating
mode inside the cavity and compare its absorptance to αi . We model the
cavity as a lossy planar metallic waveguide for which Maxwell's equations
have a solution of the form
Ez = exp(ikxx)

C1 exp [−iβ (y −W/2)]
C2 (exp [ikyy]± exp [−ikyy])
C3 exp [+iβ (y + W/2)]
y > W/2
−W/2 < y < W/2
y < −W/2

(4.3)
where C1, C2 and C3 are unknown constants to be determined. In the so-
lution above, kx is the component of the wavevector along the depth of the
cavity while ky and β are the components along its width for air and gold
respectively. Applying the continuity condition on the electric and magnetic
fields across the gold-air interface provides the transcendental equation
i
√
k20 (ε− 1) + k2y = ky tan (kyW/2) (4.4)
which can be solved numerically for complex ky. Each solution of Eq. 4.4
represents an eigenmode of the waveguide with an associated wavenumber
equal to . The fundamental propagating mode is the solution of Eq. 4.4 for
which has the smallest imaginary component and thus the smallest propa-
gation loss. Typically for grating problems, an exact modal decomposition
[97] of the electric field in and around the grating leads to a transcendental
equation that can be solved for the eigenmodes of the cavity. These modes
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satisfy periodic boundary conditions and may thus depend on the period
P of the grating. We have determined the fundamental mode using both
the waveguide and modal decomposition approaches. The two methods gave
the same results which is consistent with similar work [98] on the case of
TM polarization. This is understandable since the fundamental mode of the
waveguide has a very shallow penetration depth into the cavity sidewalls so
that it still satisfies the periodic boundary conditions associated with the
grating problem. To confirm this further, we have used modal decomposi-
tion to determine the fundamental mode for various grating periods at fixed
width. We did not observe a significant change in for the fundamental mode.
In order to evaluate the contribution of the fundamental mode to absorp-
tion and transmission, we model the grating as an effective medium. Using
this approach, the cavity problem reduces to that of a thin absorptive film of
thickness H and complex refractive index kx/k0 surrounded by air. A trans-
fer matrix formalism25 provides the effective absorptance and transmittance
of this multi-layer structure. Dotted lines in Fig. 4.2(b) show the results
of the effective medium model. The model is able to predict accurately the
simulation results for deep cavities but underestimates αi when the depth (H
= 200 nm) becomes comparable to the width. This indicates that while the
fundamental mode is the main contributor to absorption in deep cavities (H
≥ ), higher order modes contribute significantly to absorption in shallow (H
<< ) ones. These modes decay quickly along H so that their contribution
becomes substantial only in shallow cavities. The trend of αi with the nor-
malized depth H/ shows similar agreement.
The total transmittance of the cavity τ is roughly equal to τ23. Its total
absorptance α is related to the absorptance αi through α = τ12αi +αe where
αe is the contribution to absorption from the inlet of the cavity. Therefore,
it is useful to examine τ12 and τ23 more closely. Figure 4.3 shows these trans-
mittances as a function of width. For clarity, we only display the data for two
different cavity depths equal to 200 and 2000 nm. Both τ12 and τ23 increase
with width and approach unity for cavities significantly wider than the wave-
length. Transmission peaks appear for the deeper cavities (H = 2000 nm)
with widths smaller than /2 and coincide with the peaks of absorption (Fig.
4.2(a)). They indicate the possibility of EOT in these cavities. As is the
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case for absorptance, dotted lines in Fig. 4.3 show the results of the effective
medium model. The model predicts both transmittances well but overes-
timates the full field results for the shallow cavities (H = 200 nm). This
limitation agrees with our findings for absorptance and is consistent with
previous work on one-mode models for TM transmission [99]. Our model
also overestimates the transmittance in cavities that are wider than 400 nm
for which diffraction becomes substantial.
The ability of the model to predict the peaks in transmittance suggests
that they are most likely due to Fabry-Prot resonances. These result from
multiple reflections of the fundamental mode inside the cavity and subse-
quent interference. Our findings agree with previous EOT results citeGarcia
on gratings for the case of TM polarization. The peaks of transmission that
appear in τ12 appear less prominently in τ23 for deeper cavities (H > 8000
nm) as a result of larger αi. Enhanced absorption results thus from enhanced
transmission and field confinement. The width of the cavity determines the
effective wavelength and absorption inside the cavity while its depth deter-
mines the resonance condition necessary to improve the transmittance τ12
into the cavity. In order to further test our model, we have simulated single
cavities with thicker metals (larger T) and multiple adjacent cavities. All of
them displayed a similar cavity absorptance.
While total absorption in TE polarization is only possible in infinitely deep
transmission gratings, the situation is different for reflection gratings. Figure
4.4(a) shows the VIE simulation results for the absorptance of 425 nm wide
closed gold cavities as a function of depth. Light absorption increases with
depth and shows interference fringes similarly to reflection from an absorb-
ing thin film. The absorptance is larger than in the case of open cavities
with the same width and depth (blue dots). Similarly to open cavities, a
semi-analytical multilayer model (dotted line) consisting of air, the grating
effective medium and a gold substrate matches the numerical results even for
depths smaller than the wavelength . This indicates that the fundamental
mode is the main contributor to absorption. We use the model to map the
absorptance (Fig. 4.4(b)) of the closed cavity as a function of width W and
depth H. The model predicts multiple cavity sizes for which total absorption
may be achieved including the case where W is 347 nm and H is 1780 nm.
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The multilayer model also predicts a zero net reflectance from the cavity
for these dimensions indicating perfect destructive interference between the
wave exiting the cavity and the one reflected off its inlet. This optimal cou-
pling between the incident wave and the resonating cavity is analogous to
the condition of critical coupling between a waveguide and a resonator [100].
Our VIE numerical simulations confirm this result. The agreement between
VIE full field calculations and the multilayer model remains across different
wavelengths and metals. The dimensions of these cavities are well within the
capabilities of current fabrication techniques and may be further tuned by
filling the cavities with a dielectric material.
4.4 Conclusion
In summary, we have investigated the use of sub-wavelength gratings to
enhance absorption in metals. At normal incidence, TE polarized radia-
tion couples to the fundamental mode of the grating cavity. For sufficiently
small cavity widths, the enhancement in absorption results from the enhance-
ment in transmittance and simultaneous field confinement. We developed a
multi-layer semi-analytical model that is computationally simpler than ex-
act modal decomposition methods but accurately predicts absorption and
transmittance. The model is restricted to cavities supporting a single prop-
agating mode and cavities deep enough that higher order evanescent modes
can be neglected. Similar to the case of TM polarization in previous studies
[101, 102, 103], the model predicts the possibility of total absorption of TE
light in reflection gratings. Thus, it is possible to structurally tune the ab-
sorptance and transmittance of a metal independently of polarization. This
enables simple designs of metallic nano-absorbers and nano-antennas with
tailored absorption and transmission resonances.
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Figure 4.3: Transmittance into (a) and out of (b) the open gold cavity as a
function of width for two different depths equal to 200 nm (red) and 2000
nm (orange). Inset: Magnified plot of transmittance for the range of widths
between 340 and 410 nm.
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Figure 4.4: (a) Absorptance of a closed gold cavity (red) as a function of
depth W = 425 nm. Open cavity data (blue) shown for reference. Inset:
Magnified plot of absorptance. (b) Color map of the absorptance of a closed
gold cavity as a function of width and normalized depth.
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CHAPTER 5
CONCLUSIONS AND FUTURE WORK
This dissertation provides a detailed study of surface scattering effects on
thermal and acoustic phonon transport in nanostructures. We measured the
thermal conductivity of individual suspended silicon nanowires and found it
to be below the Casimir limit. A perfectly diffuse surface within the Boltz-
mann transport formalism does not explain the observed reduction in thermal
conductivity. The low temperature trend in thermal conductivity is different
than T 3 and indicates a contribution from phonon surface scattering that is
frequency dependent. We showed that a coherent wave multiple-scattering
theory that uses the experimentally determined nanowire roughness profiles
is able to predict the observed trends. Our work provides evidence to the
presence of multiple scattering effects at low temperature. In a recent study,
Maurer et al. [104] extends this evidence to room temperature. They used
Monte Carlo simulations to show that an incoherent theory of multiple scat-
tering within the Boltzmann transport formalism is able to explain the ob-
served reduction in thermal conductivity at room temperature.
Our results and Maurer’s [104] point to the necessity of probing individual
phonons frequencies in order to gain further insight on phonon surface scat-
tering. This remains experimentally challenging at room temperature where
the dominant thermal wavelengths are a few tens of nanometers. We have in-
stead used a pump-probe setup to measure the lifetime of GHz acoustic modes
in suspended Si membranes and Si nanowires. Our measurements indicate
that Akhieser damping is the dominant damping mechanism in membranes
thicker than 200 nm while surface scattering seems to dominate for thinner
membranes. A model of surface scattering based on the Kirchhoff approxi-
mation correctly predicts the observed frequency trends but fails to match
the measured lifetimes for the RMS roughness heights we measure. Surface
roughness correlation does not seem to remedy the failure of the model. A
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more extensive characterization of surface roughness based on TEM, neutron
or X-ray scattering may provide an answer.
Further, our measurements on silicon membranes covered with a thin alu-
minum film show a specularity that is smaller than the one measured in bare
Si membranes. The aluminum reduces surface specularity which results in
shorter acoustic lifetimes. The use of an Al optical transducer allows us to
probe higher acoustic frequencies in thick membranes but its presence com-
plicates the analysis of lifetimes in both membranes and nanowires. Over-
coming these shortcomings of the current measurements necessitates a novel
measurement technique that uses short wavelength laser excitations without
the need for metallic transducers. Such techniques have already become avail-
able in the relatively recent field of optomechanics where measurements of
phonon-light coupling at GHz frequencies in subwavelength waveguides have
been reported [105]. Finally, our work indicates that surfaces are not per-
fectly diffuse even at phonon frequencies exceeding 0.1 THz. The frequency
threshold for perfectly diffuse scattering remains elusive at present.
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APPENDIX A
DETAILS OF PUMP-PROBE SETUP AND
DATA EXTRACTION
A.1 Setup Overview
Figure A.1 shows an overview of the pump-probe measurement setup used to
measure acoustic damping in Si nanomembranes and Si nanowires. Briefly,
a mode-locked Ti-Sapphire laser generates femtosecond nearly-gaussian laser
pulses at a peak wavelength of 785 nm and a repetition rate of 74.8 MHz.
These are focused at normal incidence on the same spot on the Si membrane
(nanowire array) through a 10X (20X for 5 µm nanowire arrays) microscope
objective. The laser beam splits into pump and probe beams through a
beamsplitter and both the relative optical path length and the relative power
of the two beams are adjusted by using a mechanical delay stage and wave
plates respectively. The probe beam measures the time dependent change in
sample reflectance induced by the pump. We set the 1/e2 radius of the beam
to 5.5 µm (2.7 µm for 5 µm nanowire arrays) and vary the combined power
of the pump and probe in the range 2 to 30 mW. An electro-optic modulator
inserted in the path of the pump beam allows a 50 percent duty cycle square
wave modulation of its intensity at 9.1 MHz. This modulation enables the use
of lock-in detection on the probe to improve the signal to noise ratio in the
measurement. A photodetector measures the reflected intensity of the probe
beam and feeds it to the rf lock-in amplifier through an RLC resonant circuit
centered at the frequency of the electro-optic modulator. Sharp optical filters
[106] block any diffusely scattered pump light from reaching the detector.
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Figure A.1: Overview schematic of the pump-probe measurement setup.
A.2 Model for Membrane Thermal Response
In this section, we develop a theoretical model to assess the temperature
increase in the Si nanomebranes over time in the pump-probe experiments.
Figure A.2 shows an overview diagram of laser heating in a pump-probe
setup. The pump beam consists of a sequence of pulses modulated at 50 per-
cent duty cycle with a square wave using an electro-optic modulator. Figure
A.2 also shows time and amplitude parameters that are relevant to our dis-
cussion.
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Figure A.2: Overview diagram of laser heating in a pump-probe setup.
Each pump pulse induces a local increase in membrane temperature at the
location of the laser spot. The temperature then decreases in time as the
heat diffuses radially outwards. We assume for the sake of simplicity that the
membrane is adiabatic and infinite in extent. Figure A.3 shows the reference
frame. The problem is radially symmetric.
Figure A.3: Suspended Si layer under normal incidence.
We use a Green's function approach to assess the temperature rise ∆T (r, z, t)
in the membrane as follows:
∆T (r, z, t) =
α
k
t∫
τ=0
∞∫
r=0
d∫
z=0
G (r, z, t|r′, z′, τ)× g (r′, z′, τ)× 2pirdrdzdτ
(A.1)
where α and k are the thermal diffusivity of and thermal conductivity of the
medium respectively. G (r, z, t|r′, z′, τ) is Green's function for an infinite thin
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layer with adiabatic boundary conditions and g (r′, z′, τ) is the volumetric
heat source term. The Green's function is
G (r, z, t|r′, z′, τ) = 1
2pid
×[
1 + 2
∞∑
m=1
cos
(mpiz
d
)
cos
(
mpiz′
d
)
exp
[
−
(mpi
d
)2
α (t− τ)
]]
×
∞∫
0
exp
[−β2α (t− τ)] βJ0 (βr) J0 (βr′) dβ
(A.2)
J0 (βr) is the zeroth order Bessel function. For a Gaussian laser pulse of
average power Pavg, repetition rate R and W0 radius 1/e the source term
becomes equal to
g (r′, z′, τ) =
(
Pavg
R× piW02
2
)
× 2nκ× k0 ×
∣∣∣∣AB
∣∣∣∣2 × exp(− 2r2W02
)
×[
exp ( 2κk0 (z
′ − d) ) + |C|2 exp (−2κk0 (z′ − d) )
+2 |C| cos ( 2κk0 (z′ − d) + arg (C) )
] (A.3)
where
A = T12
B = 1−R21R23 exp (i2k2zd)
C = R23 exp (i2k2zd)
k0 =
2pi
λ0
kjz = k0 (nj + iκj)
(A.4)
nj and κj are the real and imaginary refractive indexes of layer j. Rij and
Tij are the Fresnel reflection and transmission coefficients. We have used a
matrix formulation of multilayer wave optics [93] in order to obtain equation
A.3. Substituting equation A.3 in A.2, we obtain the temperature increase
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for a pulse arrival time Ti as
∆T (r, z, t) =
α
k
×
(
Pavg
R
)
× 2nκ× k0 ×
∣∣∣∣AB
∣∣∣∣2 × ...(
1
piW0
2
2
+ 4piα (t− Ti)
)
exp
(
− pir
2
piW0
2
2
+ 4piα (t− Ti)
)
× ...{
I2A
d
+ 2×
∞∑
m=1
cos
(mpiz
d
)
exp
(
−
(mpi
d
)2
α (t− Ti)
)
I2B
d
}
(A.5)
I2A and I2B are constants equal to
I2A =
1
2κk0
[1− exp (−2κk0d)] +
|C|2 1
2κk0
[−1 + exp (+2κk0d)] +
2 |C| 1
2nk0
[sin [arg (C)]− sin (arg (C)− 2nk0d)] .
and (A.6)
I2B =
2κk0d
2
(2κk0d)
2 + (mpi)2
[(−1)m − exp (−2κk0d)] +
|C|2 2κk0d
2
(2κk0d)
2 + (mpi)2
[−(−1)m + exp (+2κk0d)] +
2 |C| 2nk0d
2
(2κk0d)
2 − (mpi)2 [(−1)
m sin [arg (C)]− sin (arg (C)− 2nk0d)] .
(A.7)
The first, second and third terms in equation A.5 represent the power, radial
and depth dependence respectively. When a probe beam of radius Wp reflects
from the surface, it measures an average temperature increase equal to
∆Tavg =
α
k
×
(
Pavg
R
)
×2nκk0
∣∣∣∣AB
∣∣∣∣2×∑
i
(
1
piW0
2
2
+ piWp
2
2
+ 4piα (t− Ti)
)
×I2A
d
.
(A.8)
The equation above accounts for contributions of multiple pump pulses ar-
riving at different times Ti. Figure A.4 shows the temperature increase in a
36 nm thin Si membrane with an incident power Pavg equal to 30 mW for
a laser, a repetition rate of 74.86 MHz, a modulation frequency of 9.1 MHz,
and a laser spot radius of 6 µm. The temperature increases logarithmically
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in time. This result presents an upper limit on temperature increase since in
reality the membrane is finite in extent and conduction losses to air cannot
be neglected. In our acoustic measurements on Si membranes we set the
laser power so as to prevent the membrane temperature rise from exceeding
10 K over the duration of the measurement.
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Figure A.4: Average temperature increase for a 36 nm thick Si membrane
at 30 mW incident power and 785 nm wavelength.
A.3 Model for Membrane Acoustics
In this section we develop a model to obtain the frequency response in a
pump-probe setup if the transient response from a single pump pulse is a
signal (S0 (t)). We develop the final in-phase and out-of phase expressions
for the voltages read by the lock-in amplifier which are indendent of the
specific character of the single pulse resposne S0 (t). The method developed
herein is generic and may be applied to electronic, thermal and acoustic
measurements. Figure A.2 provides an overview of the measurement. A
series of pump pulses modulated by an envelope function trigger a response
S0 (t) that is the cumulative contributions of all pulses. The pump and probe
beams consist of a series of pulses which we approximate to be rectangular
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as follows
Lpump (t) =
EL
TP
∞∑
n=−∞
rect [θL] where θL =
t− (αL + nTL)
TP
Lprobe (t) =
EP
TP
∞∑
n=−∞
rect [θP ] where θP =
t− (αL + nTL + td)
TP
.
(A.9)
td is the delay time between pump and probe pulses. EL and EP are the
energies per pulse for pump and probe beams respectively. I the limit of
short pulses, we can approximate the pulsed by delta functions as
Lpump (t) ∼ EL
∞∑
n=−∞
δ [t− (αL + nTL)]
Lprobe (t) ∼ EP
∞∑
n=−∞
δ [t− (αL + nTL + td)].
(A.10)
The modulation envelope for a square wave modulation becomes
M (t) = M0 + ∆M (t)
M (t) = M0 + ∆M0
∞∑
n=−∞
rect [θM ] where θM =
t− (αM + nTM)
pTM
M (t) =
{
M0 + ∆M (t) −pTM2 + αM + nTM < t < pTM2 + αM + nTM
M0 else
(A.11)
The total response signal form a series of pump pulses becomes
S (t) = S0 (t) ∗ (Lpump (t) ×M (t)) . (A.12)
The reflectance is then
R (t) = R0 + ∆R0 (t) + ∆R (t)
R (t) = R0 +
dR
dS
× S0 (t) ∗ (Lpump (t) ×M0)
+
dR
dS
× S0 (t) ∗ (Lpump (t) ×∆M (t))
(A.13)
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dR/dS is the change in reflectance with respect to the measured signal. The
reflected intensity is therefore
I (t) = R (t)× Lprobe (t)
I (t) = R0 × Lprobe (t) + dR
dS
× [S0 (t) ∗ (Lpump (t) ×M0)]× Lprobe (t)
+
dR
dS
× [S0 (t) ∗ (Lpump (t) ×∆M (t))]× Lprobe (t)
I (t) = I0 (t) + ∆I0 (t) + ∆I (t)
(A.14)
In frequency domain this becomes
I˜ (f) = I˜0 (f) + ∆I˜0 (f) + ∆I˜ (f)
I˜ (f) = R0 × L˜probe (f) + dR
dS
×
[
S˜0 (f)×
(
L˜pump (f) ×M0
)]
∗ L˜probe (f)
+
dR
dS
×
[
S˜0 (f)×
(
L˜pump (f) ∗∆M˜ (f)
)]
∗ L˜probe (f)
(A.15)
The lock-in amplifier measures the rms voltage of the
Vrms (t) =
Q (f)√
2
×RP (λ)× I (t) . (A.16)
RP (λ) is the responsivity of the photodetector at the wavelength λ of the
reflected probe beam. Q (f) is the effective quality factor of the electron-
ics connecting the photodetector to the lock-in amplifier at the modulation
frequency fM of the pump beam. Finally, the in-phase and out-of-phase volt-
ages measured by the lock-in amplifier when the pump is delayed relative to
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the probe are
Vin (fM) =
Q (fM)√
2
×RP (λ)× 1
2
dR
dS
× p∆M0 × ELEP
T 2L
× sinc (p)
×
∞∑
k=−∞
 S˜0
(
k
TL
+ 1
TM
)
exp
[
i2pi td
TM
]
+S˜0
(
k
TL
− 1
TM
)
exp
[
−i2pi td
TM
]  exp
[
i2pik
td
TL
]
Vout (fM) =
Q (fM)√
2
×RP (λ)× 1
2
dR
dS
× p∆M0 × ELEP
T 2L
× sinc (p)
×
∞∑
k=−∞
 S˜0
(
k
TL
+ 1
TM
)
exp
[
i2pi td
TM
]
−S˜0
(
k
TL
− 1
TM
)
exp
[
−i2pi td
TM
]  exp
[
i2pik
td
TL
]
(A.17)
This concludes our derivation of the frequency response. We have used this
model to simulate the acoustic response at negative delay times for long-lived
acoustic modes. We assumed a single pulse acoustic response signal of the
form
S0 (t) = A0 exp
(
−t− tac
τ
)
sin [2pif0 (t− tac)] (A.18)
Our fits of the negative delay time data yielded damping times that are
similar to the ones obtained through linear regression.
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APPENDIX B
SUPPLEMENTARY INFORMATION FOR
CHAPTER 2
B.1 Instrumentation and Uncertainties in Thermal
Conductivity Measurements
A DC current, Idc ∼ 0-3 µA from a constant current source (Keithley 6221)
provided the heating power. AC currents, Iac ∼ 150 250 nA from two
different lock-in amplifiers (SR830) measured coil resistances. Two addi-
tional lock-in amplifiers that were phase-locked to the previous two provided
voltages across the heating and sensing coils respectively. A fifth lock-in
measured the voltage across one of the supporting legs and the heating coil
in order to determine the heating power supplied to the device. We used
the offset and expand functions on the SR830 to decrease truncation and
digitization errors in our measurement. These allow measurements of coil
resistances with 0.5 µΩ resolution.
Thermal fluctuations outside the cryostat are a major source of noise in
measuring the change in coil resistance, R. The voltage source of the lock-in
amplifier, combined with a high precision resistor (20 MΩ) provided the con-
stant ac current in our measurement. Both suffer from amplitude instability
due to thermal fluctuations. The resulting ac current has an amplitude drift
of around 70 ppm/oC. This instability in the ac current induces a random
noise in the resistance measurement. Its standard deviation is around 250
mΩ that corresponds to the lower limit of measurable change in resistance.
While thermal fluctuations affect the measurement of change in resistance R,
other sources of noise affect the measurement of the zero current resistance,
R0 (R at Idc = 0) at each temperature point T0. Pressure fluctuations in the
helium Dewar, during the measurement, bring the entire chip out of thermal
equilibrium and induce fluctuations in R0. We installed a low-pressure valve
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(1 psi) on the venting line of the Dewar in order to reduce this effect. Another
source of error in measuring R0 relates to the long temperature transients of
the measurement. The suspended platforms are well insulated from the chip
and this leads to a settling time of ∼ 4 hours at low bath temperatures (T0
∼ 5 K). This settling time increases with temperature, reaching around 10
hours at 300 K. These two factors contribute an uncertainty of 1-2 Ω in R0.
Finally, uncertainty in measuring the diameters and lengths of the nanowires
through a combination of SEM and TEM is 10%.
B.2 Supplementary Figures
Figure B.1: SEM micrographs of silicon nanowires MAC-etched with ρ =75
% and different M (H2O) . We can reduce the etch rate independently of
rho with water dilution. The silicon nanowires remain straight and sharp all
the way to the tips as the etch rate reduces by three orders of magnitude.
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Figure B.2: An SEM image of the measurement platform showing a
suspended nanowire between the heating and cooling islands. The inset
shows a high resolution image of the suspended nanowire.
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Figure B.3: Height profile (TEM trace), autocorrelation function and
Fourier power spectrum for a nanowire that is 100 nm in diameter and has
an RMS height σ = 1.0 nm and a correlation length lc = 4 nm. For
comparison, we show the height profile, autocorrelation function and
Fourier power spectrum of random Gaussian and exponential profiles
having the same RMS height and correlation length. To generate the
random profiles, we used a moving average numerical technique described
in [7]. a is the lattice constant of Silicon.
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Figure B.4: Temperature dependence of thermal conductivity for single
nanowires with different diameters φ, RMS roughness heights σ and
correlation length lc. The exponent n is the temperature dependence of κ
as obtained from the fits to the low temperature data using a modified
Holland-Callaway model. Roughness and thermal conductivity data is from
[38].
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